Comparing two population variances

e F distribution. Suppose that U; ~ x?(dy) and Us ~ x?(dz) are indepen-
dent. Then the distribution of
Ui /dy
U2 /d2

is called the F' distribution with degrees of freedom (dy,ds), denoted by
F(dy,ds).

— Note. Suppose X ~ F(m,n), then 1/X ~ F(n,m).

e PDF of F(m,n). Let I denote the gamma function, which is defined by

I(a) = / 2 e % dx
0
for a > 0. Define

f(iE) = M (m)m/Q x(mfg)/g (1 I @)—(m-&-n)/Q

T T(m/2)C(n/2) \'n n

for £ > 0, and f(x) =0 for £ < 0. Then f is a PDF of F(m,n).
e R commands related to the PDF of F' distriubtions.

— R command for computing I'(a) is gamma(a).

— R command for computing the f(z) in (1) is df (x,m,n).
e Plot the PDF of F(30,10) on (0,8) using R. R codes:

m <- 30
<- 10
f <- function(x){
ans <- gamma((m+n)/2)/(gamma(m/2)*gamma(n/2))*(m/n) " (m/2)
ans <- ans*x” ((m-2)/2)
ans <- ans*(1+m*x/n) " (-(m+n)/2)
return(ans)
}
curve(f, 0,8)

[=]

g <- function(x){ df(x, 30, 10) }
curve(g, 0, 8, add=TRUE, col=2)

e Generate a random sample of size n = 10° from F(30,10) and compare
the normalized histogram with the PDF of F'(30, 10) on the interval (0, 8).
R codes:



n <- 1076

x <- rep(0, n)

dl <- 30

d2 <- 10

for (i in 1:n){

ul <- sum(rnorm(dil)~2)

#ul is the sum of squares of d1 IID N(O,1) random variables
u2 <- sum(rnorm(d2)"2)

x[i] <- (u1/d1)/(u2/d42)

}

hist(x, nclass="scott", freq=FALSE, xlim =c(0,8))

g <- function(x){ df(x, 30, 10) }
curve(g, 0, 8, add=TRUE, col=2)

Notation. fg m.n denote the (1 —a) quantile of F(m,n). That is,

P(F(d1, dg) > fa,dl,d2) =a.

Other R commands related to F' distributions.

— famn can be computed by the R command qf (1-a,m,n).
— P(F(m,n) < C) can be computed by the R command pf(C,m,n).

Suppose that (X1, ..., Xy, ) is arandom sample from N (uy,0%) and (Y1, ..., Y,,)
is a random sample from N(p2,03). Suppose that (Xi,...,X,,) and
(Y1,...,Y,,) are independent. Consider the testing problem

Hy : 01 > o9 versus Hy : 01 < 09. (2)

A reasonable statistic for testing (2) is S%/S%, where Sy and Sy are
the sample standard deviations based on (X7,...,X,,) and (Y1,...,Ys,)
respectively. When o1 = o3,

2Y | F(ng — 1,ny — 1).
The test statistic S%/S% is often called the F statistic and is denoted by

F.

For the testing problem in (2), the F test based on F = S%/S% rejects
Hy at level a when
F> fa,ng—l,nl—L

The test is of size a. The p-value for the test is

P (F(ne —1,nqy — 1) > observed F).



e Example 1. HBEHARBfEE aREY » X BB EHR - BE
—Hm A —HR AR AL R G — R AKABE o

— A BAE: 10; o REAKZ (K S R) sample mean: 15 (mm-Hg);
sample standard deviation: 2.8 (mm-Hg).

~ B #A#: 21; o BREAKF sample mean: 21 (mm-Hg); sample stan-
dard deviation: 3.2 (mm-Hg).

BRI RARNEL o REKREAHB L » MBRRNAFBENR > o RE

WES AR E BN (u1,00) 3 N(uz,03). £ 0.05 BHEKET » RFTH
WAL BEWE » e RIEIKE 5 8Yvariance K (o9 > 01)?

Sol. & M A (2), F 43t FMRIA

3.22

2%z = 1.306122.

‘hfé%fifiﬁ]j;_l'_é’j 7& “0.95 quantiles for I diStI‘il:)l,lvtiOIlS"7 ﬂ‘%ﬂ f0.05721_1710_1 =
fo.05.200 = 2.94 > 1.306122, $ /& 0.05 BAFKET » SEiERit ABEY
%, o RIFARE 5 A By variance K ©

— We can also use R command 1-pf (1.306122, 20, 9) to obtain the
p-value, which is 0.3515168 > 0.05.

e Suppose that (X71,..., X, ) is arandom sample from N (u1,0%) and (Y1, ...,Y,,)
is a random sample from N(ug,03). Suppose that (Xi,...,X,,) and
(Y1,...,Y,,) are independent. Consider the testing problem

Hy : 01 = 02 versus Hy : 01 # 02. (3)

Let Sx and Sy be the sample standard deviations based on (X1, ..., Xy,)
and (Y7,...,Y,,) respectively. For the testing problem in (3), the F test
rejects Hy at level a when

Sy Sk
52 > fa/2,n2—1,n1—1 or G2 > fa/2,n1—1,n2—1~
X Y
Note

— The F test is of size a.
— The p-value for the F test is

52 2
2 min <P <F(n2 —1,n1 — 1) > observed Sg) , P (F(nl —1,ny — 1) > observed S};>> )
X v

e Example 2. Example 1 ¥, £ 0.1 BHXAKET » FETHHEMA B=
4 fn R 54K E 9 A B9 variances T Fl?



Sol. waRA24 35 g & “0.95 quantiles for F distributions”, T % fq 05200 =
294, f0‘0579,20 = 2.39. Example 1 EP 64;;]"%;

32 | 306122 < f
5gz = L 0.05,20,9-
%91 2
2.8
=239> —
J0.05,9,20 > 355

WA 0.1 BHFRET, Fhedeanit M A, B=4 & )RIEIKE 9 9variances
RE o

AT R #84

qf (0.95, 20,9); qf(0.95, 9,20)

TR H f0.05,20,9 ﬁ"fo.os,gzoo

Example 3. BAAAFB= o REY » MEAMBInd —EXREEE
HE BHRAMBA» —HlRARAAER S — WA ARABE o A%
WA 10 A BEAA 13A « BRIRABRARNEL O BRERKEEE L -
w BAE R AR B 1R fo RIEARZ 5 H 2 5 By By N (111, 03)F N (g, 03).
KAER > ARMGBRERETR Xy, ..., X1, WBEAGREREE YV,
ce Yis. %’&]‘ Xl, ceny X0 Fm Yl, R, Yis 57\5']4?3’—5’? R “{’;@% x fa y. 1B
FEHATAT R $84

2% (1-pf (var(x) /var(y), 9, 12))
2% (1-pf (var(y) /var(x), 12, 9))
t.test(x,y)$p.value

t.test(x,y, var.equal=T)$p.value

PATE RS T (> M A4 5] s T—FIBELLR) o

> 2% (1-pf (var(x) /var(y), 9, 12))
[1] 0.2186866

> 2% (1-pf (var(y) /var(x), 12, 9))
[1] 1.781313

> t.test(x,y)$p.value

[1] 0.04440313

> t.test(x,y, var.equal=T)$p.value
[1] 0.03154748

AEHZ VAT M A .

(a) AFBRERBIHy: 0 = 09 v.s. Hi: 01 # 09, FRE X p-value BT ?



(b) £BA BAEEE R0y £ o YHERT » KM K0, = 0y, TRH
ko) # oy HO.04BAFKET > REREGBHFB_EXRETAH

é(ﬂl # p2)?
(a) RFE T HRIATER » FARZ 9p-value B
min(0.2186866,1.781313) = 0.2186866.

(b) 4% two-sample ¢ test (pooled t test) BF ZARRX = 5 7 89 vari-
ances 48 F] » 1% Al Welch two-sample ¢ test B T sbf8 3% =2 5o 7
89 variances 48 F] o 4 € =& 2k 5 A §9 variances A& & 48 Fl B » FAR &
8 p-value Bp-value = 0.2186866, & st it #& 3% 21547 88 7 variances
FR s BT vME#E o, = 09 3E4E A pooled t test. HRAF& T BRIAT 4
R » pooled t testZp-value£0.03154748 < 0.04, B /£0.04%8 F KET
T —EBRAE o



