Two-sample testing for difference in mean (# € =#ix A& % H 48 F
population mean).

o MAM. ARk aBREMAFB. Bl —EXRETEAH £ BFZA =R
A, —HRARRNAE® A — MR ARABE, BHAREHEHA ny A, BEXA
Hongh RABR ABRMREARES Xy, ..., X, 7BEH @&
TEY), ..., Y, @BRAFELEmm-He.

W AT ARIE (Xq, -, Xy ) #9 (Y1, -, Yy, ) = HAR A R R — B3R
THE?
e Data assumptions for two independent samples
(i) (X1, -, Xn,) and (Y1,---,Y,,) are independent.
(i) (X1,---,Xp,) and (Y3,---,Y,,) are two random samples.
(iii) X; ~ N(p1,0%) fori=1,...,n1; Y; ~ N(p2,03) for j =1, ..., na.

e Notation:
— X and Sx: sample mean and sample standard deviation for (X1, - -+, X, );
— Y and Sy: sample mean and sample standard deviation for (Y3, - -, Yy,,).

o % —#ix A population variances o,, o9 B ©e o T A 2T

— FH (X, X)) B (Y, Y, ) S 8RR
— B (1) (i) (ii) Rz > BP =4AR A B 5 > 4% KB random sam-
ple, X; ~ N(u1,0%), Y; ~ N(uz,03).
— T A,
Hy @ py = pg versus Hy @ g # po.

— X and Y: sample means for (Xy,---,X,,,) and (Yy,---,Yy,).

- BEHIE o
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ot | 73
ni + na
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Zo = — (M1U2 M2)7
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Al Zo ~ N(0,1). BEFH) : pg = poRLEF » REHRFTEZ ~
N(0,1).

— RER C FEEF KRR 0 F(Z| > 2.0 PIZBRZEELH,
U1 = po. ZWEZ p-value B

2P (N(0,1) > observed |Z]).

o B3R (i)(ii) (i) RL Moy = 09 By RFaBF > 4L A pooled ¢ test.



e Pooled ¢ test.

— Data assumptions
(i) (Xy, -+, X,,) and (Y1,---,Y,,) are independent.
(ii) (X1,--+,X,,) and (Y1,---,Y,,) are two random samples.
(iv) X; ~ N(u,0%) fori=1,...,n1;Y; ~ N(uz,0?) for j =1, ...,
no.
— Testing problem (two-sided case): Hg : u1 = po versus Hy : pg # po.

— Test statistic

T X-Y
V&2 (1/ny +1/ns)’
where
L \/(m —1)8% + (2 — 1S3
ny+ne —2
* Let

_ X—Y—(Ml—ﬂz)
V62 (1/ny +1/ng)

then Ty ~ t(ny +ng — 2), so T~ t(n1 + ng — 2) when p; = po.

Ty

— The pooled t test rejects Hy: py = po at level a when
|T| > ta/2,n1+n2—2-
The test is of size a. The p-value of the test is
2P(t(ny + ng — 2) > observed |T).

— For the testing problem Hy : py < po versus Hy @ pg > pa, the pooled
t test rejects Hy : 1 < po at level a when

T > ta,n1+n272~
The p-value of the test is
P(t(ny + ne — 2) > observed T).

— For the testing problem Hy : 1 > po versus Hy : u1 < ps, the pooled
t test rejects Hy : 1 > o at level a when

T < _ta7n1+n272-
The p-value of the test is
P(t(ny + n2 — 2) < observed T).

e Example 1. M REMMME A5k hBRENAFB. Bimid —HEHR
REHE. BIEA MmN, —BRARXRNAER S —x AKX BE.

— A B AH: 10; R EALE (K% R) sample mean: 15 (mm-Hg);
sample standard deviation: 2.8 (mm-Hg).



— B @A 20; o BRI%AKF sample mean: 21 (mm-Hg); sample stan-
dard deviation: 3.2 (mm-Hg).

BRAL M ARBEME, 0o JREAIKE 2 A # % normal, L= normal 2% A
A8 ] 89 variance. /£ 0.05 BAFKET, £ G THH—ZEXRA £7?
Sol. tg.05/2,10+20—2 = t0.025,28 = 2.048.
|15 — 21|
V/(9(2.82) +19(3.22))(1/10 + 1/20)/28

observed |T| = = 5.034582 > 2.048.

£ 0.05 BEKRET, Tifh LR RA £.

e Example 2. Example 1 ¥, % #8 3% KE 2 50.04, 0.03, X0.02, £ F Tif
HoBEHRAE?
p-value = 2P(#(28) > 5.034582). JAR42#35 LR L6 & “Quantiles for ¢
distributions”, T %2 2P(#(28) > 3.674) = 2(0.0005) = 0.001, AT ¥Ap-value
<0.001. B b8 & KERA0.04, 0.03, K0.02, FTHH—EXRA
JARAE 4 2% (1-pt(5.034582, df=28)) ¥ T H i p-value = 2.523123 x
1075 < 0.001.

e Example 3. Example 1 ¥, #% A, B =@ & B %K F population
variances 43| 5 2.8%2 f7 3.22, B TT4& Al Z &3 £ E population means
AL F. SuBF

|15 — 21|

- = 5.270463
V/2.82/10 + 3.22/20

2|

@ p-value = 2P(N(0,1) > 5.270463). # & “Normal Probabilities” & &
1F5m,

P(N(0,1) > 5.270463) < P(N(0,1) > 3.09) = 0.5 — 0.499 = 0.001. (1)

Wa(1)F ZAFFEH P(N(0,1) > 5.270463) 89 3L 8 7T & & “Quantiles for ¢ dis-
tributions” 4F%a:

P(N(0,1) > 5.270463) < P(N(0,1) > 3.29) = 0.0005. (2)

W (2) 7 fep-value = 2P(N(0,1) > 5.270463) < 2(0.0005) = 0.001. # 4%
3% 78 L (extremely strong)#9 & M =~ A, B =4 e BRI%E&F population
means .

o T I AA T A4 F population mean B, o R =K KT LM
R BAR R B T B = AR (X, -, X,,) and (Y1, - -+, Y, )48 B AF E
(X1 —Yy,...,X, = Y,), &1 A one-sample t test & & 48 W4T 3| 891 A
population mean & & &0. MK T & XA B pairwise ¢ test & paired t
test.

e Pairwise ¢ test (paired ¢ test).

— FH (X, X)) B (Y, -, Y S 8ARAR. E(X;) = pp and E(Y;) =
H2-



— BRX, -V,

— BE B (two-sided case):

.y X, — Y,) A random sample B X; —Y; ~ normal.

Hy @ puy = pp versus Hy @ juy # pia.

— D and Sp: sample mean and sample standard deviation for (X; —
Yla"';Xn _Yn)

- REHE:

vnD
T = .
Sp

The pairwise ¢ test rejects Hy : 11 = po at level a when

IT| > to/2,n—1-

The p-value for the test is

2P (t(n — 1) > observed |T).

— For the testing problem Hy : p1 < pg versus Hy : p1 > po, the paired
t test rejects Hg : p1 < g at level a when

T > ta’nfl.

The p-value of the test is

P(t(n —1) > observed T).

— For the testing problem Hy : pp > pg versus Hy : uy < po, the paired
t test rejects Hy : pu1 > po at level a when

T< 7ta,n—1-

The p-value of the test is

e Example 4.

P(t(n —1) < observed T).

Suppose that we want to test whether a drug has the side-
effect of changing systolic blood pressure (M #&/&). The blood pressures
for 6 patients before/after using the drug are given in the following table.

Patient ID | Blood pressure before treatment | Blood pressure after treatment
1 116.6 120.4
2 117.6 119.3
3 118.3 119.9
4 117.4 118.6
5 117.4 121.3
6 114.3 119.4




Can we conclude that the drug has the side-effect of changing blood pres-
sure at the 0.05 significance level?

Sol. t9.05/2,6—1 = to.025,5 = 2.571. The differences between the before-
treatment blood pressures and the after-treatment blood pressures are
(120.4 — 116.6) = 3.8,(119.3 — 117.6) = 1.7,(119.9 — 118.3) = 1.6,(118.6 —
117.4) = 1.2,(121.3 — 117.4) = 3.9,(119.4 — 114.3) = 5.1. Compute the
sample mean and sample variance for the difference data and we have the
sample mean is

38+1.7+1.6+12+39+51 173
6 o6

the sample variance is

2
17.3 76.01
(3.82 +1.774+1624122+392+5.1%2-6 () ) =

6—-1 6 30

and the |T'| statistic for the pairwise ¢ test is

V6(17.3/6)
\/76.01/30

4.437064 > 2.571, so we can conclude that the drug has the effect of
changing blood pressure at the 0.05 significance level.

= 4.437064.

Al R 164 t.test 7T 31 F one-sample ¢ test 8 p-value #= T statistic. AT
&3t H Example 4 8 p-value #7 T statistic AT A 69 R #84~. #47

x <- c(116.6, 117.6, 118.3, 117.4, 117.4, 114.3)
y <- ¢(120.4, 119.3, 119.9, 118.6, 121.3, 119.4)
t.test(y-x)$p.value #or t.test(y, x, paired=TRUE)$p.value

# R B 0.006783352, BPp-value. #% AT t.test(y-x)$statistic TAF

t
4.437064

BT AARFE y-x YF one-sample t test 89T statistic %4.437064.

#HATR 4 t.test(y, x, paired=TRUE)#7t.test (y-x)IF 2| 6948 € 4
FHZ Aop-valuetf L —H 89 o FARH, By # po.

Fl R 484 t.test T 3HF pooled t test 89 p-value ## T statistic. AT

x <- c(116.6, 117.6, 118.3, 117.4, 117.4, 114.3)
y <= c(120.4, 119.3, 119.9, 118.6, 121.3, 119.4)
t.test(x,y, paired=FALSE, var.equal=TRUE)$p.value
t.test(x,y, paired=FALSE, var.equal=TRUE)$statistic

2% B 0.001882114 (p-value)Fo—4.181868 (T statistic). HH, By #
po. B TSR AKX FE 8 T statistic AT s » A TEXAT &
Tt_test®# » A AKX Hpooled t test 89 T statistic. & Edw A % &
€45 = 44k A 89sample mean/standard deviation/size. AT



t_test <- function(mx, my, sx, sy, nx, ny){
ss <= (nx-1)*sx"2 + (ny-1)*sy~2

sigma2 <- ss/(nx+ny-2)

T <- (mx-my)/sqrt(sigma2+*(1/nx+1/ny))
return(T)

}
BT & & B o B E AT

x <- c(116.6, 117.6, 118.3, 117.4, 117.4, 114.3)
y <- ¢(120.4, 119.3, 119.9, 118.6, 121.3, 119.4)
t_test(mean(x), mean(y), sd(x), sd(y), 6, 6)

T 4Fpooled t test 89 T statistic B —4.181868.

e R commands for computing sample mean/standard deviation. Suppose
that x is a data vector in R.

— mean (x) computes the sample mean of x.

— sd(x) computes the sample standard deviation of x.

o A T3EANH Welch two-sample ¢ test, B5H A » BFoFToE& o



e Welch two-sample ¢ test. Suppose that (Xi,---,X,,) and (Y7, --,Y,,)
are two random samples from N (y1,02) and N(us,03). Let X, Y, Sx, Sy
be the sample means and sample standard deviations for (Xi,---, X,,)
and (Y1,---,Y,,) respectively. Consider the problem of testing

Hy @ piy = pg versus Hy @ jug # pia.

A reasonable testing statistic is

X-Y
T:752 —

. 4 i

ni no

— Under Hy, the exact distribution of T' depends on o1 /02, n1 and na.

— An approximation of the distribution of 7" under Hy is a t distribution
with degree of freedom estimated by
(2+2)

ni no

S4 S;l/ N (3>

n2(ny—1) n2(nz—1)

Approximately, we can reject Hy at level a if |T'| > t,/ 4, and the p-value
for the test is 2P(¢(d) > observed |T'|). This test is called Welch two-
sample ¢ test hereafter since the degree of freedom in (3) is derived using
an approximation result due to Welch in [1].

— A 2 distribution with fractional degree of freedom can be defined.

Since
N(0,1)

X*(k)/k
a t distribution with fractional degree of freedom can also be defined.
— The R commands qt(a/2,df=d) and 1-pt(C, df=d) can still be

used to find the t,/5 4 and the probability P(t(d) > C) even when d
is not an integer.

t(k) ~

)

— The R command t.test(x,y) can be used to carry out the Welch
two-sample ¢ test, where x and y are the two samples (X1, -+, Xy, )
and (Y7,---,Y,,).

Example 5. Suppose that we have two independent random samples from
normal distributions and we want to test whether the population means
are the same. The observed values for the two samples are

Sample 1 52 67 56 45 70 54 64
Sample 2 59 60 61 51 56 63 57 65

Is there a significant difference in the two population means at the 0.05
level?

Ans. The p-value is 0.8528643, so there is no significant difference in the
two population means at the 0.05 level. &% p-value A R 35, FikA
ATF =42,

Fixk— A RFETHERAGE, AApt Hpvalue. 34T



x <- ¢(52,67,56,45,70,54,64)

y <- c(59,60,61,51,56,63,57,65)

sx <- sd(x); sy <- sd(y); nl <- length(x); n2 <- length(y)

S2 <- sx"2/nl + sy~2/n2; S3 <- sx"4/(n172%(nl-1)) + sy 4/(n2"2*(n2-1))
T <- (mean(x)-mean(y))/sqrt(S2); d <- S272/83

BHEPAT T, dERE

(1] -0.1912380
[1] 8.431799

BTAT#. T2 = —0.1912380, & W& &8.431799. 4 4 #h47
2% (1-pt (abs (-0.1912380), df=8.431799))

#RB 0.8528643, BPp-value.
HE=: A t.test. $4T

x <- c(52,67,56,45,70,54,64)
y <- ¢(59,60,61,51,56,63,57,65)
t.test(x,y)$p.value

#R B 0.8528643, AT ¥4 Welch two sample t-test &9 p-value = 0.8528643.

Welch’s approximation. Consider a linear combination U = aK; + bKs,
where a and b are constants, and K; ~ x2(d;) and Ky ~ x2(d2) are
independent. Welch suggested in [1] to approximate the distribution of U
by the distribution of ex?(k), where

_ (ad1 + bd2)2
n a2d1 + b2d2

and
ady + bds _ a’d; + bdy
k o ad1 +bd2 '

The above ¢ and k are obtained by solving

B(U) = E(ex*(k)) = ke

and
Var(U) = Var(ex?(k)) = 2kc?.

Using Welch’s approximation,

Sk 5, <M"> +b <(n21)‘9‘2’> ~ ex(k),

ni o na o? o3

where a = 02 /(n1(n1 — 1)) and b = 03 /(na(ny — 1)),

LA
=D+ -2 (F+E)
a?(ng — 1) +b2(ng—1) o o5

n?(n1—1) n2(ny—1)




and

k E\ni  mna
Therefore,
_ _ 0.2 0.2
e AN 1) N(0,1) o)
ex? (k) ex? (k) VX2 (k) /K 7
where
(35
k= v “ = py 5
1 + 2

n2(ny—1) n2(nz—1)

which can be estimated by the degree of freedom given in (3).
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