Integration
e Univariate integrals. The R command for computing f( f f(z)dz is
integrate(f,a,b)$value
Here a can be —oco and b can be co:

integrate(f,-Inf,b)$value #a=-Inf
integrate(f,a,Inf)$value #b=Inf

Example 1. Let

flx) = x2m+ Ll — )

2

for « € [0, 1]. Write down the R commands for computing fol f(z)dx.

Solution.

f <- function(x){ return(x"2+*sqrt(1-x"2)+x*(1-x72)/2) }
integrate(f,0,1)$value #pi/16+1/8

e Bivariate integrals.

— To compute fD f(z,y)d(z,y), where D is a bounded region, we can

defne ey if (@)
_ T,y if (z,y) € D;
g, y) = { 0 otherwise,

and find intervals [a, b] and [c, d] such that D C [a,b] X [¢,d], then

[ st = [ b / ! ey

To find the integral, we need to first define
d
)= [ gl.g)dy (1)

and then compute f; h(z)dx.

— Note: In (1), sometimes

d u(x)
h(ﬂ?):/ g(sc,y)dy/e() [z, y)dy

and h can be computed using a more precise integration range.



e Example 2. Let
D ={(z,y):2* +y* <Lz > 0,y > 0}.

Find [, (2® + zy)d(x,y). The graph of D is shown below.

r=20 r=1

y=1

™ (2,1 — 22)

- y=20
(.0)

— Solution 1. Let

2> +zy if (x,y) € D;
9(@,y) = { 0 otherwise.

Since D C [0, 1] x [0, 1], we have

/D (22 + 2y)d(z,y) = / 1 / (e y)dy da.

h(x)

R commands for computing h(z) = fol g(x,y)dy and fol h(z)dz:

g <- function(x,y){
ans <- x"2+x*y
ans[x<0] <- 0
ans[y<0] <- 0
ans[(x"2+y~2)>1] <- 0
return(ans)

}

hO <- function(x){
gx <- function(y){ return(g(x,y)) %}
return( integrate(gx, 0, 1)$value )

}



h <- function(x){
n <- length(x)
ans <- rep(0, n)
for (i in 1:n){ ans[i] <- hO(x[il) }
return(ans)
}
#or h <- Vectorize(h0)

integrate(h, 0, 1)$value
pi/16 + 1/8
#the true value is pi/16 + 1/8

— Solution 2. In (2),

1 V1—z2
W)= [ oteds= [ @+,
0 0
so the R commands for computing h(z) and fo x)dz can be modi-

fied accordly:

g <- function(x,y){
ans <- x"2+x*y
ans[x<0] <- 0
ans[y<0] <- 0
ans[(x"2+y~2)>1] <- 0
return(ans)

}

hO <- function(x){
gx <- function(y){ return(x~2+x*y) }
return( integrate(gx, 0, sqrt(1-x~2))$value )
}
h <- Vectorize(hO)
integrate(h, 0, 1)$value
pi/16 + 1/8

— Note. In Solution 2, the function h is the function f in Example 1.
% E % (multivariate integrals). /£ &35 TG HEAFT,
/ flz1,za,. .. zr)d(z1, 22, .., Tk)
[al,bl]X[az,bz]X ak,bk]
by pba b
/ f (z1,22,...,zk)dzK - - - drodry.
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e Use the Monte Carlo method (%36 # 7 %) to compute

I:/ flz1, 0, ... zp)d(xy, 22, ..., 28).  (3)
[al,bl]X[az,bQ]X”-X[ak,bk]

e Idea of the Monte Carlo method for evaluating [ g(x)dz.

Find a density fo and generate IID data X, ..., X, so that each X; has
PDF fy, then

9(x) ( 9(X1) ) 1~ 9(Xi)
r)dr = / r)der = F ~—
J o) fola) o) fox)) = 0 2 fo(X)
for large n. Here n is called the Monte Carlo sample size, g is a function on

R* and [ g(x)dx means [y, g(z)dz. Note that g(x)/fo(x) can be defined
to be any function of x when fo(x) = 0.

e To compute I in (3), note that I = [ g(z)dx with

(@1, k) = Tiay by x[as,ba] x - x[arbe] (Z15 - - s Tr) f(T1, ., 28),

Tay b azba x - x[ar,bi] (T15 - - Tk)
[ 1 ifxj€laj,bj]forj=1,....k
“ 1 0 otherwise.

Let Uy, ..., Uy be independent random variables such that U; ~ U(a;, b;)
for j=1,..., k, and let

1

Jolzy, ... o) = I[ahbl]X[az,bz]x“'x[ak’bk](xl’ c k) (by —a1)--- (bx — ax)
then fj is the joint density of Uy, ..., Ug,
9(x)
= b —a s b —a x
fO(x) ( 1 1) ( k k)f( )
and
I = / flzr, 2o, . zk)d(x1, 22, . .., 2))
[al,bl]X[ag,bQ]X'“X[ak,bk]
= /g(m)dm
- lzn: 9(Xi)
n = fo(Xi)
1 n
= (by—ay)-- (b — - X,
(b1 — )+ (b — ) (n;f( >>
for large n, where Xy, ..., X,, are IID and each X; ~ (Uy,...,Ug) has
PDF f,.



e Example 3. Let
D={(z,y): 2" +y* <1,z >0,y >0}.

Use Monte Carlo method to compute

A}f+wwﬂ%y%=/ g(a,y)d(z,y),

[0,1]x[0,1]

where ) .9)
2ty if(x,y) €D;
g(@,y) = { 0 otherwise.

Take the Monte Carlo sample size to be 10°.

Sol. Consider generate Monte Carlo sample from the distribution of
(U1,Us), where U; and U are independent U(0, 1) random variables.

g <- function(x,y){
ans <- x"2+x*y
ans [x<0] <- 0
ans[y<0] <- 0
ans[(x"2+y~2)>1] <- 0
return(ans)
}
x <~ runif(10°6, 0, 1)
y <- runif (1076, 0, 1)
mean(g(x,y))*(1-0)*(1-0)
pi/16+1/8

e Practice problems.
1. (10 pts) Let
D={(z,y):x>0,y>0,x+y <2}
Write down the R commands for computing the integral
/ sin(z? + y?)d(z, y).
D
You may use Monte Carlo method to find the integral or compute

the integral as f02 h(z)dz for some function h. Take the Monte Carlo
sample size to be 10° if you use Monte Carlo method to find the

integral.
2. (10 pts) Let D = {(z,9,2) : 2> + y®> + 22 < 1,2 > 0,y > 0,2 > 0}
and E )
1 if(z,y,2) € D;
9(w,y,2) = { 0 otherwise.



Write down the R commands for computing the integral

/ 9(x,y, z)d(z,y, 2)
[0,1]x[0,1] % [0,1]

using Monte Carlo method. Take the Monte Carlo sample size to be
106.



