Multivariate kernel regression

Nonparametric regression. Suppose that (X1,Y7), ..., (X,,Y,) are IID
data and

Yi=f(Xi) +ei (1)
for i = .., n, where (€1, ..., &,) is independent of (X1, ..., Xp,),

L
E(g1) = 0 and Var(e;) = 2. The problem of interest is to estimate m
based on (X1,Y7), ..., (Xn,Yn).

Kernel function on R%. A kernel function k on R? usually satisfies the
usual constraints:

(a) k>0.

(b) [k(s)ds =1.

(¢) [sjk(s1,...,8a)d(s1,...,8q4) =0for j=1,...,d.
(d) [ ls]|2k(s)ds < oo, where ||(s1,...,s4)]|]> = 20_, 2

=155

Example of a kernel function on R?. Let ko be the density for N(0,1).
Define

k‘(xh...,acd) :ko(x1)~-~k0(xd) (2)
for (z1,...,24) € R%. Then k is a kernel function on R<.
Kernel regression estimator. Suppose that (X71,...,X,,) is a random sam-
ple and X; takes values in R? for i =1, ..., n.

The kernel regression estimator for f(x) with kernel k (defined on R?) and
bandwidth vector h = (hq,..., hq) is

- {,C—Xi
_;Y"k( R )
B " I*Xi .

Ye(5)

Here for two vectors a = (a1,...,aq) and b = (by,...,bq), a — b = (a1 —
bi,...,aq —bg) and a/b = (a1/b1,...,a4/bq).

f(x)

(3)

Monte Carlo integration. To evaluate f[o 174 flz1,...,zq)d(z1,...,24), we

can generate Uy, ..., U, from the uniform distribution on [0, l]d for a large

L, and then use
1 L
> Fw)
j=1

L to approximate f[o 1 flx1, ... xq)d(z1,. .. 24q).

|

Exercise 1. Write a function ker.est using R with the following input
and output:

Input:

% data matrix X whose i-th row is X;,



x data vector y = (Y7,...,Y,),
* bandwith vector h, and
* evaluation point x0.

Output: the output ker.est(X,y,h,x0) is f(zq) based on (3) with
xg =x0 and the kernel function = the function k in (2).

e Example 1. Let ker.est be the function in Exercise 1. We will compute
the kernel estimator f with kernel k in (2) and bandwidth h = (0.05,0.05)
based on the data generated below. We will plot the estimated regression
function and compute the ISE.

Generate data as follows.

set.seed(1)

f <- function(x1,x2){ dnorm(x1-0.5, sd=0.2)*dnorm(x2-0.5, sd=0.2) }
n <- 1000

X <- matrix(runif(n*2), n,2)

y <= £(X[,1],X[,2]) + rnorm(n,sd=0.4)

Compute f(20,40) and plot f(x0,y0) and f(wo,yo) for (xo,y0) € {(x,y) :
x e {1/21,2/21,...,20/21},y € {1/11,2/11,...,10/11}}, and then com-
pute the ISE.

h0=0.05

xlist <- (1:20)/21; ylist <- (1:10)/11

nl <- length(xlist); n2 <- length(ylist)

zm <- matrix(0, ni, n2)

for (i in 1:n1){ for (j in 1:n2){ =zm[i,j] <- f(xlist[i], ylist[jl) 1} }
f.persp <- persp(xlist, ylist, zm, theta=20)

for (i in 1:n1){

xi <- xlist[i]

fhat.xi <- rep(0, n2)

for (j in 1:n2){

fhat.xi[j] <- ker.est(X, y, rep(h0,2), c(xi,ylist[j1))

}

lines(trans3d(xi, ylist, fhat.xi, pmat=f.persp), col=2)
}

difl <- function(u, v){ (f(u,v)-ker.est(X, y, rep(h0,2), c(u,v)))"2 }
teml <- function(u){
tem2 <- function(v){ difi(u,v)}
vtem2 <- Vectorize(tem2)
return(integrate(vtem2, 0, 1)$value)
}
vteml <- Vectorize(teml)
integrate(vteml, 0,1)$value

#h0 = 0.05 => ISE: 0.009570552

e Compute the ISE for the univariate case.



#data generation

set.seed(1)

f <- function(x1){ dnorm(x1-0.5, sd=0.2) }
n <- 1000

X <- runif(n)

y <= £(X) + rnorm(n,sd=0.4)

curve(f, 0,1)

#compute estimated regression function values
h0=0.05
fhat.x <- rep(0, nl1)
for (i in 1:n1){

fhat.x[i] <- ker.est(X, y, hO, xlist[i])
by
lines(xlist, fhat.x, col=2)

#compute ISE

teml <- function(u){ (f(u)-ker.est(X, y, hO, w))"2 }
vteml <- Vectorize(temi)

integrate(vteml, 0,1)$value

#h0 = 0.05 => ISE: 0.002296325

Exercise 2. Generate data as follows.

set.seed(1)

f <- function(x){ dnorm(x1-0.5, sd=0.2) }
n <- 1000

X <- runif(n)

y <= f(X) + rnorm(n,sd=0.4)

Suppose that we use a modified kernel function for bias correction in (2)
with h = 0.05. Find the ISE for the estimation of the regression function
f. Do you think it is necessary to use a bias-correction kernel?



