Homework Problems

Note.

Always show your work in the solution for each homework problem to
receive full points unless it is stated otherwise in the problem.

. (4 pts) Suppose that F is a o-field on a space Q and {4, }22, is a sequence

of sets in F. Show that
( ?’f:lAn)C =Mz1(47)
by verifying that
(UnZ14n)® C Moy (47)
and
(UnZiAn)® D MLy (A7)
Do not apply De Morgan’s law to solve this problem.
(8 pts) Suppose that Q@ = {1,2,3,4,5,6}, A = {1,3,5} and B = {1,3}.
Let C = {0,Q, A, B}. Find o(C), the o-field on Q that is generated by C.
List all sets that should be included in ¢(C). You do not have to verify

that the collection of sets in your list is a o-field, but be sure it is. There
are eight sets in o (C).

(4 pts) Suppose that Q = {1,2,3,4,5,6}. In each of Cases (a)—(d), deter-
mine whether the collection C is a o-field on 2. You may write down your
answers directly without justification.

(a) ¢ =40,0}.

(b) C=1{0,9Q, A, B}, where A ={1,3} and B = {2,4,5}.

(c) C={0,9Q, A, B}, where A ={1,3} and B = {2,4,5,6}.
)

(d) C = {0,9,4,B,D}, where A = {1,3}, B = {1,2,3} and D =
{4,5,6}.

. (6 pts) Suppose that F is a o-field on a space Q and P is a probability

function on F. Suppose that {4,,}22; is a decreasing sequence of sets in
F,ie. Ay, D Apgq foralln e {1,2,...}. Show that

P (M7, 4,) = lim P(A,),

You may also use the result in Problem 6 and the result in Fact 1 given
below in your proof without proving them.

Fact 1 Suppose that F is a o-field on a space Q) and P is a probability
function on F. Suppose that {An}52 is an increasing sequence of sets in

F,i.e. A, CApyq foralln e {1,2,...}. Then,
P (U2 A,) = lim P(A,).
n—oo

(2 pts) Suppose that P is a probability function on B(R) such that for

ne{l,2,...,}
11 .
p(<_)) — 04420,
n’'n n

Find P({0}). You may use Fact 1 in Problem 4 directly without proving
it.



6. (2 pts) Suppose that F is a o-field on a space . Suppose that A, B € F
and A C B. Show that B¢ C A°.

7. (8 pts) Suppose that F is a o-field on Q@ = {1,2,3,4,5}. Let A =
{1,2,4,5}, B = {1,2,4} and C = {1,4,5}. Suppose that A, B, C are
in F and P is a probability function defined on F.

(a) (4 pts) Find disjoint sets Dy, D3, D3 in F such that each of A, B
and C can be expressed as the union of some sets in {D1, Dy, D3}.
Write down those expressions.

(b) (4 pts) Explain why we cannot have (P(A4), P(B), P(C)) = (0.5,0.3,0.1).

8. (6 pts) Suppose that F' is the CDF of a random variable X, and {a, }52, is
an increasing sequence of real numbers such that lim,, .., a,, = co. Show
that

lim F(—a,)=0

n—oo

without using the fact that lim,_, o F(z) = 0. Hint: make use of the
continuity of a probability function.

Remark. It can be shown that lim, , ., F(z) exists, so the result in
Problem 8 implies that lim,_, o, F(x) is 0.

9. (6 pts) Suppose that F is a o-field on a space 2 and P is a probability
function defined on F. For a set B € F such that P(B) > 0, define a
function @ on F by
P(ANB)

A)=—F—

for A € F. Verify that @ is a probability function on F.

10. (4 pts) Suppose that F is a o-field on a space © and P is a probability
function defined on F. Suppose that A, B € F, P(B) > 0 and

P(A|B%) = P(A|B) = po,
where pg is a constant in (0,1). Show that P(B|A) = P(B).

11. (4 pts) For the F' in each of the following cases, determine whether F' is a
CDF. You may write down your answers directly without justification.

(a) F(x) =z for x € R.

(b) For z € R,
0.5+ 0.5sin(z) if x € [0, 27);
F(z)=< 0.5e™" ifx <0
1—05e~@=2m) if g > 27,
(c) For z € R,
0 ifz<0;
F(”““)_{1 if 2> 0,
(d) For z € R,
0 ifz<0.5
Flz)y=¢ =z if05<z<];
1 ifz>1.



12. (8 pts) Suppose that F' is the CDF of a random variable X, and for z € R,

0 ifz<04
Flz)=¢ =z if0d<z<],
1 ifz>1.

(a) (4 pts) Find F(0.4) and F(1).
(b) (4 pts) Find P(X € [0.4,1]).

13. (8 pts) Consider the experiment of rolling a die twice. Suppose that in
each of the two trials, for k € {1,2,3,4,5,6}, the probability of rolling a
kis 1/6 . Let X be the number of times (in the two trials) where a point
less than 3 is rolled.

(a) (4 pts) Find the PMF of X.
(b) (4 pts) Find the CDF of X.

14. (8 pts) Suppose that X is a discrete random variable with PMF px, where
for x € R,

0.2 ifz=-1;
) 04 if x = 0;
PX(@) =9 ¢ 05 ifwe{l,23...,)
0 otherwise,

where ¢ > 0 is a constant.
(a) (4 pts) Find c.
(b) (4 pts) Find P(X > 25).

15. (4 pts) Suppose that X is a discrete random variable with PMF px, where
for x € R,

02 ifr=1;
(o= 04 ifr=2
PXAT)=9 04 ifz=3;
0 otherwise.
Let Y = |2 — X|. Find the PMF of Y.
16. (16 pts) For x € R, let
0 ifz<O;
Flz)=< z if0<z<];
1 ifz>1.

(a) (6 pts) Verify that F' is a CDF.

(b) (4 pts) Suppose that U is a random variable with CDF F. Show that
P(U € (0,1)) = 1.

(c) (6 pts) Suppose that U is a random variable with CDF F and G is a
continuous CDEF such that G is a one-to-one function defined on R.
Let G be the inverse function of G. Show that the CDF of G~(U)
is G.



17.

18.

19.

Note that in Part (c), G™1(U) can be defined with probability one. To see
this, note that it can be shown (but you do not have to show this) that

(0,1)={G(x) : x € R},

so the domain of G™!is (0,1). Since U takes values in (0, 1) with proba-
bility one (the result in Part (b)), G=1(U) can be defined with probability
one.

(8 pts) For a, b € R such that a < b, define a function f, ; on R as follows:

for x € R,
[ 1/(b—a) ifxe€ (a,b);
fap(w) = { 0 if x & (a,b).

(a) (4 pts) Suppose that U is a random variable with PDF fy . For
a<bletY =a+ (b—a)U. Find a PDF of Y.

(b) (4 pts) Suppose that X is a random variable with PDF f, ;, where
a<b. Let U= (X —a)/(b—a). Find a PDF of U.

Note.

Definition 1 For a random variable X with PDF f,, the distribution
of X is called the uniform distribution on (a,b), denoted by U(a,b).

We will use the notation X ~ U(a,b) to denote that the distribution of X
is U(a,b). Your answers in (a) and (b) should give the following results:

U~U0,1)=a+ (b—a)U ~U(a,b)

and
X ~Ua,b) = (X —a)/(b—a) ~U(0,1).

(16 pts) Suppose that X is a random variable with PDF fx, where for

z € R,
o 2ze~  ifx > 0;

fX(x){o if 7 < 0.
(a) (4 pts) Find P(0 < X < 1).
(b) (4 pts) Find the CDF of X.
(¢) (4 pts) Find a PDF of Y = v X.
(d) (4 pts) Let F be the CDF of X found in Part (b). Find a PDF of

F(X).

(4 pts) In each of the following cases, F' is the CDF of a random variable
X. Determine whether the distribution of F'(X) is U(0,1) in each case,
where the definition of U(0,1) is given in Definition 1 after Problem 17.
You may write down your answers directly without justification.

(a) For x € R,
0 ifx<0.5
Flz)=< oz if05<z<];
1 ifz>1.



(b) For z € R,
F(z) = / f(tydt,

where
fay = [ 32 i€ 0,1/3)U(2/3,1)
7V 0 otherwise.
(c)
0 if x < 0;
Flz)=< z/3 if0<z<3;
1 if £ > 3.
(d) For xz € R,
0 if x < 0.5;
Fz)={ 05 if05<z<1;
1 if x > 1.

Notion. From now on, we will use the notation Is to denote the indicator
function on a set S. That is,

lifxes;
Is(x)_{ 0 if x ¢ 5.

20. (6 pts) Suppose that X is a random variable with PDF fx, where
Ix(x) = |z[l—1,0)(x) + 0.5e I (0 00)(x)
Find a PDF of Y = X?2.
21. (4 pts) Suppose that F' is the CDF of a random variable X such that

0 ifx <1orax>4;
F'(x) =< fi(z) ifze(1,2);
folz) ifx e (2,4),

where f1 is continuous and nonnegative on [1,2] and f> is continuous and
nonnegative on [2,4]. Let

f(@) = fi(@)(12)(z) + fo(2)(2.4) ()

for x € R. Determine whether the statements in (a)—(d) are true. Write
down your final answers only.

22. (8 pts) Suppose that X is a random variable with PDF fx, where
Ix(x) = e "Ig,00)(z) for z € R.
Suppose that Y = g(X), where
9(x) =2 I(—o00.5)(x) + 0.5 I(0.500)(T)

for z € R.



(a) (4 pts) Find the CDF of Y.
(b) (2 pts) Explain why Y does not have a PDF.
(c) (2 pts) Find the quantile of order (1 —e~%5) of the distribution of Y.

23. (20 pts) Suppose that X is a random variable with PDF fx, where
fx(z) = c(xloq)(@) + 2L(1,2)(2) + (3 — 2)[(2,3(2)) for z € R
and ¢ > 0 is a constant.

(2 pts) Find c.

(4 pts) Find the median of the distribution of X.
(6 pts) Find IQR of the distribution of X.

(4 pts) Find E(X).

(4 pts) Find E((X — 1)?).

(
24. (6 pts) Suppose that X is a random variable with PDF fx, and
{z: fx(z) >0} = (a,b).

Suppose that g is continuous and strictly increasing on [a,b], and ¢’ > 0
n (a,b). Let Y = g(X) and

fr) = fx(g ') ‘;;g‘l(y)’ Ig(a).g6) (V)

for y € R. Show that
| o= [ g@)fxs

— 00 — 00

25. (8 pts) Suppose that X is a discrete random variable with PMF px, where
for z € R,

02 ifz=1;

04 ifz=2;
PX(T) =9 04 ifg— 3;

0 otherwise.

(a) (4 pts) Find F(X).
(b) (4 pts) Find E(]2 — X]).

26. (4 pts) Suppose that X has PDF fx, where

Fx (@) = (2¢1/2%)[(1,00) (2) + (c2/2%) [(—s0,—1) (7)

for x € R, and c;, cp are nonnegative constants such that ¢; +cy = 1.

For each of the following statements, determine whether the statement is

true. You may write down your answers directly without justification.
(a) If ¢4 > 0 and ¢ > 0, then E(X) =

(b) If ¢ > 0 and ¢z = 0, then E(X)

(¢) If ¢4 > 0 and ¢z > 0, the E(|X|) =

(d) If ¢; > 0 and cp > 0, the E(X?) =

Q.
Q.
Q.



27.

28.

29.

30.

31.

(8 pts) Suppose that p > 0 is a constant and X is a discrete random
variable with PMF px, where for z € R,

et /(zY) ifze{0,1,2,...,}
px (@) = { 0 otherwise.
(a) (4 pts) Show that E(X) = p.
(b) (4 pts) Show that E(X (X — 1)) = p?.
(6 pts) Suppose that m and M are two constants such that m < M, and

X is a discrete random variable such that P(X € [m, M]) = 1. Show that
m< E(X) <M.

(8 pts) Suppose that X is a random variable such that both E(X?) and
E(]X|) are finite. Prove the following results.

(a) (4 pts) Var(X) = B(X?) - (E(X))%
(b) (4 pts) Var(X + ¢) = Var(X) for a constant c.

You may apply Properties (i)—(iii) listed in Page 6 of the handout “Quan-
tile and expectation” directly.

(8 pts) Suppose that X is a discrete random variable with PMF px, where
e M. qu

px(z) = = Ii0,1,2,..3 () (1)

for z € R, where > 0 is a constant.

(a) (4 pts) Find the MGF of X.
(b) (4 pts) Show that F(X) = p using the MGF of X.
(¢) (4 pts) Find Var(X).

Note. The distribution of X with the PMF px given in (1) is called the
Poisson distribution with mean pu.

(8 pts) Suppose that X has PDF f, where
1 e
)= ——e
fla) = =
for x € R.

(a) (4 pts) Show that
E(etX) — €t2/2
fort € R.
(b) (2 pts) Show that E(X) = 0.
(¢) (2 pts) Show that Var(X) = 1.

You may use the result in Part (a) to solve Part (b) and Part (¢) without
doing Part (a).

Note. The distribution of X in Problem 31 is called the standard normal
distribution, denoted by N(0,1).



32.

33.
34.

35.

36.

37.

(8 pts) Suppose that X ~ N(0,1) (the distribution of X is N(0,1)). For
peERand o >0,let Y =p+0X.

(a) (4 pts) Find the MGF of Y.
(b) (4 pts) Show that E(Y) = p and Var(Y) = o2,

Note. The distribution of Y in Problem 32 is called the normal distribution
with mean p and variance o2, denoted by N(u,0?).

(6 pts) State and prove Chebyshev’s inequality.

(2 pts) Suppose that X is a random variable with mean 1 and standard
deviation 0.01. Find an interval (a, ) such that b —a = 0.08 and P(X €
(a,0)) > 1 - (1/16).

(4 pts) Suppose that X and Y are random variables and F is the joint
CDF of (X,Y). Show that for (zg,y0) € R?,

. 1
lim F <xo,y0 + n) = F (x0,yo0)

n— oo

without using Properties (¢)(f) in Page 1 of the handout “Joint distribu-
tion of a vector of random variables”.

(8 pts) Suppose that X and Y are discrete random variables, and

0.5 if (x,y) = (1,2);
0.1 if (x,y) = (3,2);

PX,Y) = (@,5)) ={ 03 if (1) = (3.6);
0.1 if (x,y) = (3,7);
0 otherwise.

It can be shown that for discrete random variables X and Y,

E(g(X,Y)) = > 9(z, ) P(X.Y) = (z,y))  (2)
(z,y):P((X,Y)=(z,y))>0

if g is nonnegative.

(a) (4 pts) Find E(XY') using (2).
(b) (4 pts) Find E(XY') using the PMF of XY

(8 pts) Suppose that (X,Y) is a random vector with CDF F y, where
for (z,y) € R?,

Fxy(z,y) = 0.5G(x)G(y) + 0.5(1 — ) (1 = €™¥)][0,00) (€)I10,00) ()
and the function G is defined by
G(r) = zlo,1)(z) + I[Loo)(x)
for x € R.

(a) (4pts) Find PO< X <land1<Y <2).
(b) (4 pts) Find the CDF of X.
(c) (4pts) Find PO< X <land1<Y <2).



38.

39.

40.

41.

42.

(4 pts) Suppose that (XY, Z) is a random vector with joint CDF F. Show
that

P((X,Y,Z) € (a,b] x (c,d] x (e, f])
= F(b,d, f) — F(b,c, f) — F(a,d, f) + F(a,c, f)
—F(b,d,e) + F(b,c,e) + F(a,d,e) — F(a,c,e),

where a, b, ¢, d, e, f are constants such that a < b, ¢ < d and e < f.

(8 pts) Suppose that (X,Y) has PDF fx y, where

fxy(@,y) =c- xloq)(x) o) (y)
for (z,y) € R? and ¢ > 0 is a constant.

(a) (4 pts) Show that ¢ = 2.
(b) (4 pts) Find a PDF of Y.

(4 pts) Suppose that (X,Y") has PDF fx y, where
fxy(x,y) =221 1)(2) 0,1 (y)
for (x,y) € R%. Find P(X +2Y < 1).

(4 pts) Suppose that (zo,0) € R?, § > 0, and u and v are two real-valued
functions that are differentiable on

B((x0,%0),6) = {(x,y) : V(& — 20)2 + (y — y0)? < 6}.

Let

ug(w,y)  uy(@,y) )
J(z,y) = v
@9) ( va (2, y)  vy(z,y)
for (z,y) € B((xo,y0),0). Suppose that the determinant of J(z,y) # 0
for (z,y) € B((z0,v0),9). For h € (0,6/+/2), let Ry, be the region inside
the parallelogram ABC D, where A = (ug,vg), B = (ug + uz (20, yo)h, vo+
vr(‘r07y0)h)v

C = (uo + uz (0, yo)h + uy(xo, yo)h, vo + va(zo, Yo)h + vy (o, yo)h)
and D = (ug + uy (20, Yo)h, vo + vy(z0,Yo)h). Show that

. area of parallelogram ABCD
lim

Jim, e = |determinant of J(zq, yo)| .
—0

(4 pts) Suppose that S is an open set in R? and u and v are two real-valued
functions that are differentiable on S. Let H(x,y) = (u(x,y),v(z,y))
for (z,y) € S. Suppose that H is a one-to-one function on S. Let
T = {H(z,y) : (v,y) € S}. Suppose that H 1 (u,v) = (z(u,v), y(u,v))
for (u,v) € T and z(u,v) and y(u,v) are functions of (u,v) that are dif-
ferentiable on 7T'. Show that

(efrwyuteny il ) (e e ) = (

for (u,v) € T.



43.

44.

45.

46.

(10 pts) Suppose that (X,Y) has PDF fx y, where

(x?a?
fxy(z,y) =ce” @ HY )/2—7(0,00)(90)—7(0,00) (y)

for (x,y) € R? and ¢ > 0 is a constant. Let U = VX2 +Y?2 and V =
tan=!(Y/X). Note that for z € (—o0,00), tan"!(z) is the value 6 €
(—=m/2,m/2) such that tan(f) = 2.

(a) (4 pts) Find a PDF of (U, V). Leave the constant ¢ in your answer.

(b) (4 pts) Find a PDF of V. Leave the constant ¢ in your answer.

(¢) (2 pts) Find ¢ using your answer in Part (b) and the fact that the

integral of a PDF of V' over (—o0, c0) is 1.

Remark. The result from Problem 43(c) can be used for finding [~ e~ /2d.
To see this, let I = fooo e~*"/2dz, then

1:/1;2 fX’y(l',y)d(l',y):CIQ,

so I =1/ycand [T e=**/2dy = 2I = 2/,/c (you should be able to
obtain 2/+/c = v/2m if your answer for ¢ is correct).

(10 pts) Let I' be the function on (0, c0) defined by

F(a)z/ " e dx
0

for a > 0. Suppose that o and § are two positive constants and (X,Y)
has joint PDF fx y, where

1
fxy(@,y) = W
for (z,y) € R?.
(a) (4 pts) Let M be the function on (—o0,1) x (—o0, 1) defined by

o= (25) ()

for (t1,t2) € (—00,1) X (—00,1). Show that M is the joint MGF of
(X,Y).
(b) (2 pts) Find the MGF of X.
(¢) (4 pts) Find E(XY) and E(X).
(2 pts) Consider the (X,Y) in Problem 44. The distribution of X is called
the gamma distribution with shape parameter o and scale parameter 1,

denoted by I'(cr,1). Show that the distribution of (X +Y) is I'(aw + 5, 1).
Hint: the MGF of (X +Y) can be easily obtained from the MGF of (X,Y).

27 e (g 00y (@)Y eV (0,00 (1)

(8 pts) Suppose that (X,Y") has a joint PDF fx y, where
fxy(2,y) = cls(z,y)
for (z,y) € R?,
S={(z,y): —2<z+2y<2and —2<z—2y <2}

and ¢ =1/ [, Is(,y)d(z, y).

10



(a) (4 pts) Find P((X 4+ 2Y) > 0). You may leave ¢ in your answer.
(b) (4 pts) Find c.
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