
Probability calculation based on MGF

• Definition of a characteristic function. Suppose that (X1, . . . , Xk) is a
random vector. For (t1, . . . , tk) ∈ Rk, define

ϕ(t1, . . . , tk) = E
(
ei(t1X1+···+tkXk)

)
,

where i =
√
−1, eiθ = cos(θ) + i sin(θ) for θ ∈ (−∞,∞), and

E(U + iV ) = E(U) + iE(V )

for a random vector (U, V ). Then ϕ is called the characteristic function
of (X1, . . . , Xk). If (X1, . . . , Xk) has MGF MX1,...,Xk

, then

ϕ(t1, . . . , tk) = MX1,...,Xk
(it1, . . . , itk)

for (t1, . . . , tk) ∈ Rk.

• Fact 1 Suppose that (X1, . . . , Xk) is a random vector with characteristic
function ϕ, then

P ((X1, . . . , Xk) ∈ (a1, b1]× · · · × (ak, bk])

= lim
T→∞

1

(2π)k

∫
[−T,T ]k

h(t1, . . . , tk)d(t1, . . . , tk), (1)

where

h(t1, . . . , tk) =

k∏
j=1

e−itjaj − e−itjbj
itj

ϕ(t1, . . . , tk).

The Proof of Fact 1 can be found in Billingsley [1].

• Example 1. For α > 0 and x ∈ (−∞,∞), let

fα(x) =

{ 1
Γ(α)x

α−1e−x if x > 0;

0 if x ≤ 0,
(2)

where Γ(α) =
∫∞

0
xα−1e−xdx. Suppose that X has PDF fα, then from

(18) in the solution to Problem 42,

E(etX) = (1− t)−α

for t < 1. Find an expression for P (a < X ≤ b) using (1) for a, b ∈
(−∞,∞), a < b.

Sol. Let

h(t) =

(
e−ita − e−itb

it

)
(1− it)−α

for t ∈ (−∞,∞), then by (1),

P (X ∈ (a, b]) = lim
T→∞

1

2π

∫ T

−T
h(t)dt. (3)
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• Computing probabilities using characteristic functions can be done using
the software R.

– The R command for computing
∫ b
a
f(x)dx is

integrate(f,a,b)$value

where a, b can be −∞, ∞ respectively.

– The R command for creating a complex vector is complex. For ex-
ample, running the command

z <- complex(real=c(4,2,1), imaginary=c(3,6,5))

creates the vector z = (4 + 3i, 2 + 6i, 1 + 5i) in R, and running the
commands

a <- pi/2

b <- pi

z <- complex(modulus=c(4,2), argument=c(a,b))

creates the vector z = (4eia, 2eib) in R for (a, b) = (π/2, π).

– The R commands for getting the real part and the imaginary part of
a complex vector z are Re(z) and Im(z) respectively:

z <- complex(real=c(4,2,1), imaginary=c(3,6,5))

Re(z); Im(z)

• Example 2. Compute P (X ∈ (1, 2]) for the X in Example 1 with α = 2
using

(a) Equation (3) and

(b) the PDF fα in (2)

respectively.

Sol. We will compute the probability using the software R.

#(a)

a <- 1; b <- 2;alpha <- 2

h.real <- function(s){

n <- length(s)

v1 <- rep(1,n)

v0 <- rep(0,n)

za <- complex(modulus = v1, argument = -a*s)

zb <- complex(modulus = v1, argument = -b*s)

z <- (za-zb)/complex(real=v0, imaginary=s)

ans <- z*complex(real=v1, imaginary=-s)^(-alpha)

return(Re(ans))

}
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integrate(h.real,-Inf,Inf)$value/(2*pi) #0.3297519

#(b)

alpha <- 2

f <- function(x){ x^(alpha-1)*exp(-x) }

integrate(f,0, Inf)$value ### The integral is 1, so f is the PDF f_alpha.

integrate(f,1,2)$value ##P(X in (1,2]) = 0.329753

Reference

[1] P. Billingsley, Probability and measure, John Wiley & Sons, New York,
2nd ed., 1986.

3


