Distribution of a transformed random vector with PDF

e Suppose that (X1,...,X}) is a random vector with joint PDF fx, . x,.
Let Sx = {z € R* : fx,. x.(¥) > 0}. Suppose that yi, ..., yx are
differentiable functions on Sx with continuous partial derivatives, and
the transform
9(@) = (y1(2), -, ye(x))
for x € Sx is one-to-one. Let Sy = {g(x) : x € Sx}andlet (x1(y),...,zx(y)) =
g (y) for y € Sy. Let D be the k x k matrix whose (i, j)-th element is

0z (y)
y;

and define

Fr(y) = fxioxe(@1(y), ..., zk(y))|determinant(D)| if y € Sy;
Yy 0 otherwise,

then fy is a PDF of (y1(X1,..., X&), .-, (X1, .., Xk))-

e Example 1. Suppose that X;, Xo, X3 are independent random variables
and the distribution of each X; is N(0,1). Let X = (X; + X5 + X3)/3
and (Y1,Y2,Y3) = (X, X; — X, Xo — X). Find a version of the conditional
PDF of Y7 given (Ya,Y3) = (y2,y3) for (y2,y3) € R? based on the joint
PDF of (Yl, Y27 Yg)

Sol. Given (y1,y2,y3), solving for (z1, 22, x3) such that
(Y1,92,93) = ((z1+22+23)/3, 21— (¥1 + T2+ 23) /3, 22 — (21 + 22+ 73)/3)

gives 1 = Y1+ Y2, o =11 +ys and x3 = 3y1 — (Y1 + Y2 +ys + 1) =
Y1 — Y2 — y3. Let

A(y1+y2) A(y1+y2) A(y1+y2)
Oy1 dy2 Jys
D= O(y1+ys) O(y1+ys) O(y1+ys)
Y1 0y2 Y3 )
Oy1—y2—y3) O(y1—y2—vy3) OI(y1—Yy2—ys)
Y1 Y2 Oys
then
1 1 0
D= 1 1 ,
1 -1 -1
and
determinant(D)
. 1 . 1 1 . 1
=1 - determinant 1 1) 1 - determinant 1 1 + 0 - determinant

= 3.



Let

1 .2 1 .2 1 _ 2
fX11X2’X3(;(;1’:L'27;1;3> = Ee 361/2 (me $2/2> (\/ﬂe 393/2)

for (z1,x9,23) € R3, then fx, x, x, is a joint PDF of (X1, X2, X3). Let

le,Yz’Y3(y17y27y3>
= fx1,%2,xs (Y1 + Y2, 91 + Y3, 91 — Y2 — y3) - |3

for (y1,92,y3) € R3, then fy, y,y, is a PDF of (Y,Ys,Y3). Simplify the
expression of fy, v,,y, and we have

Ivive,vs (U1, y2,y3) = g(y1)h(y2,y3),

where
oY1/ (20%)

g\y1) =
(1) 2mo?

with 02 = 1/3 and
h(y2,y3) = <\/§> e*(zy§+2y§+2yzy3)/2
’ 2w

for (y1,92,v3) € R3.

It can be shown that g is a PDF of Y7 and Y7 and (Y3, Y3) are independent.
Thus g is a version of the conditional PDF of Y7 given (Y3,Y3) = (y2,93)
for (y2,y3) € R2.



