Expectation of g(X,Y)

e Suppose that (X,Y) is a vector of two random variables defined on the
same sample space.

— If X, Y are both discrete, then

E(g(X,Y)) = > 9(z,y)pxy (z,y). (1)

(z,y):px,v (z,y)>0

— If (X,Y) has joint PDF fx y, then
BeXY) = [ o)l ey, )

e Fact 1 Suppose that (X,Y) is a vector of two random variables such that
E(X) and E(Y) are finite. Then

E(X+Y)=E(X)+E(Y).

The proof of Fact 1 is based on (1) for the case where X and Y are both
discrete, and the proof is based on (2) for the case where (X,Y") has joint
PDF fx.y-.

e Example 1. Suppose that (X,Y) has joint PDF fx y, where

“Te7¥ if x>0 and y > 0;
otherwise

fX,Y(ﬂC,?J) = { 8

(a) Find a PDF of X.

(b) Find E(X) using (2) and compare the result with [*_zfx(z)dz,
where fx is the PDF of X from Part (a).

(c) Find E(XY).
(d) Find E(X + XY).
Ans. (a) Let fx(z) = [T fx,y(z,y)dy = e (g 00)(2) for z € R. Then

fx is a PDF of X. (b) Both [, zfx vy (z,y)d(z,y) and [*_xfx(z)dz are
equal to 1. (c) 1. (d) 2.

o Joint MGF (moment generating function). Suppose that (X,Y") is a vector
of random variables such that E(e1X+2Y) < oo for |t1| < hy and |t2| < ha
for some positive numbers hy and hsy. Let

MX,Y(tla tg) = E(6t1X+t2Y)

for (t1,t2) € (—h1, h1) X (—he, ha), then My y is called the joint MGF of
(X,Y).



Suppose that the MGF of (X, Y) is finite on (—hy, hy) X (—ha, ha) for some
positive numbers hqy and hy. Let Mx, My and Mx y denote the MGF of
X,Y and (X,Y) respectively. Then

Mx(lfl) = Mx7y(t170) for t1 € (—hl,hl)

and
My(tz) = Mx’y(()ﬂfg) for to € (—h27 hz)
Moreover, for nonnegative integers m, n, we have
am—i—n

BXTYT) = ooty

Mx y (t1,12) .
(tl’tQ):(OfO)

Example 2. Consider the (X,Y) in Example 1.

(a) Find the MGF of (X,Y).

(b) Find the MGF of X.

(¢) Find E(XY) and E(X) using the MGF of (X,Y) and the MGF of
X.

Ans. (a) MX,Y(tl’tQ) = 1/((1 — tl)(l — tg)) for t; < 1, ty < 1. (b)
Mx(t) =1/(1=1t) for t < 1.

Fact 2 Suppose that (X,Y) and (U, V) are two random vectors such that
for some positive numbers hy and ho, the MGF of (X,Y) and the MGF
of (U, V) are equal and finite on (—hy,hy) X (—ha, ha), then (X,Y) and
(U, V) have the same distribution.

Example 3. Consider the (X,Y) in Example 1. Show that (X,Y) and
(Y, X) have the same distribution.

Example 4. Consider the (X,Y") in Example 1. Find the MGF of X +2Y".
Sol. Let Mx vy (t1,t2) = 1/((1 —t1)(1 —t2)) for t; <1, ts <1, then Mxy
is the MGF of (X,Y") (based on the result of Example 2). For t < 1/2,

Fet(X+2Y)  _ E€t1X+t2Y|(t1 t2)=(t.2t)

Mx y (t,2t)
= 1/((1 =¢t)(1 —2t)).

Let M(t) = 1/((1—t)(1—2t)) for t < 1/2, then M is the MGF of X + 2.

Notation. Suppose that (X,Y)T is a random vector (column vector).
Then E((X,Y)T) = (E(X), E(Y))".



