Final homework problems

e Notation.

— For C: a collection of sets in a space €2, o(C) denotes the o-field
generated by C (the smallest o-field containing C).

— B(R) denotes the Borel o-field on R (the o-field generated by
open sets in R.

1. Suppose that Q = {1,2,3,4} and Y is a function on Q defined by
Y(1) =4,Y(2) =5and Y(3) = Y(4) = 6. Let o(Y) = {Y}(B) :
B € B(R)} be the smallest o-field F such that Y is measurable from
(€2, F) to (R, B(R)).

(a) List the events in o(Y'). Justify your answer.

(b) Suppose that X is measurable from (2,0(Y)) to (R, B(R)). Ex-
plain why X = h(Y") for some real-valued function h defined on
{4,5,6}.

2. Let C = {(—o0,t] : t € R}. Show that o(C) = B(R).

3. Let C = {(—o0,x] X (—00,y] : ,y € R}. Show that for finite intervals
(a,b) and (c,d), we have

(a,b) x (c,d) € o(C).

4. Suppose that f is a function defined on a space €2 to another space A,
and B, By, Bo, ..., are subsets of A. Show that

FHUBY = (fU(B))"

and
STHUR B = Uy fH(BY).

5. Let R = RU{—00,00}, A1 = {—00}, Ay = {00}, and C = B(R) U
{Al,Ag}. Let

B={BUD:B¢cB(R)and D € {A;, Ay, A; U Ay, (}}.

Show that B is a o-field and ¢(C) = B.



6. Suppose that f is a real-valued continuous function on R, X is measur-
able from a measurable space (2, F) to (R,B), A € F, and ¢1, ca € B.
Define

MX(w)) if X(w) € R;
Y(w)=<¢ a if X(w)=—o0;
Co if X(w) = o0;

Show that Y is measurable from (£, F) to (R, B).

7. Suppose that f is measurable from a measurable space (2, F) to
(R, B), where R and B are defined in Problem [5| Let

- —f(w) if f(w) <0;
/ (“’):{ 0 if F(w) > 0.

Show that f~ is measurable from (€2, F) to (R, B).

8. Suppose that C; and Co are collections of some subsets of 21 and 9,
respectively. Show that o(c(C1) x 0(C2)) = o(C1 x Ca).



