2 Fundamental of statistics

2.1 Populations, samples and models
2.1.1 Populations and samples

e Suppose that our data are realizations of a random vector (X1, ..., X,)
on a probability space (€2, F, P). Then (X, ..., X,) is called a sample.

e Suppose that we have a sample (Xi,...,X,) and X;’s are IID. Then
we say (Xi,...,X,) is a random sample.

2.1.2 Parametric models

e Suppose that for every 6 € ©, P, is a probability measure and all Py’s
are on the same measurable space. Then {F : 6 € O} is called a family
(of probability measures).

e Example 1. {N(p,0?): u € R,0 > 0} is a parametric family.

e Example 2.  Let A denote the Lebesgue measure on (R,B) and let
S ={f: f >0, fiseven and continuous, and [ fd\ = 1.}. For
f €S, let Py denote the probability measure defined by Pr(A) = [, fdA
for A € B. Then {Py: f € S} is a nonparametric family.

o A family {P: 0 € ©} is identifiable if Py, = P, implies that 6; = 6.

e Example 3. The family {N(u+ ¢, 1) : (i, ¢) € R?*} is not identifiable.

2.1.3 Exponential and location scale families

e Definition. Suppose that P = {F, : § € O} is a family of probability
measure and there exists a measure v such that for every 6 € ©, P, is
absolute continuous with respect to v. Then v is called a dominating
measure of P.

e Definition of an exponential family (Definition 2.2). Suppose that © C
Re. A parametric family {Py : § € ©} with a o-finite dominating
measure v is called an exponential family if for every 6 € ©,

ar,

7 (w) = exp (1(0)'T(w) — £(9)) hiw), (1)

1



where T is a p X 1 random vector and exp(£(6)) = [ exp(n(0)'T)hdv.

Natural exponential family. Consider the exponential family with p.d.f.
given in (1). By the reparameterization n = 7(f), we have an exponen-
tial family {P, : n € =}, where = = {n(0) : 0 € 6},

Cfi"(w) = exp (ntT(w) — C(U)) h(w), (2)

and exp(((n)) = [exp(n'T)hdv. The family {P, : n € Z} is called the
natural exponential family and 7 is called the natural parameter.

Properties of a natural exponential family (modified version of Theorem
2.1). Consider the natural exponential family with p.d.f. given in (2).
Let T = (Y',U") and n* = (9%, ¢"), where Y and ¥ are of the same
dimension. Suppose that Pr = P, o T~'. Then we have the following
results.

(i) Y has the p.d.f.
Faly) = exp(d'y — ((n))

with respect to a o-finite measure depending on ¢.
(ii) The conditional distribution of Y given U = u has the p.d.f.

friw(ylu) = exp(9'y — Cu(1))
with respect to a o-finite measure depending on u.

(iii) Suppose that 7 is an interior point of the natural parameter space
E. Then the m.g.f. of P, oT~! is finite in a neighborhood of 0.
Denote the m.g.f. by 1,,. Then

Py (t) = exp(¢(no +1) — C(m0))-

(iv) Suppose that there exists I: an open set in RP such that [ C =
and [ |f|dP, < oo for every n in I. Then for every ny € I, k €

{1,...,p},

5219 (/ fentThdy) . = / aik (feﬁtTh)‘

where T}, is the k-th component of T'. Also, [ |fT}|dP, < oo for
every n in I.

dV:/kae”BThdy,
0
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— The proofs of (i) and (ii) are based on the fact that P, o (Y,U)™*
has the p.d.f.

Fo(y,w) = exp((9 — 90)'y + (v — wo)'u — ((n) + ((m0))

with respect to P, o (Y,U)~! for every ny € E.

— The proof of (iv) is based on the dominated convergence theorem
(Example 1.8 in Section 1.2).

e Location-scale families. Definition 2.3 in Section 2.1.3.

— Suppose that X is a k x 1 random vector with distribution P, then
the distribution of the random vector p + $Y2X is P, x).

2.2 Statistics, sufficiency and completeness
2.2.1 Statistics and their distributions

e Suppose that X is a sample that is measurable from (2, F) to (X, Bx).
A statistic is a function defined on X and is measurable from (X', By)
to some measurable space (A, G), where G contains all singletons in A.

e Suppose that X = (Xj,...,X,) is a sample. The following are some
common statistics.

—Y:<X1+"‘+Xn)/n

~ S=/(n— 1)1 (X, - X)2
— X(x): the k-th order statistic, 1 < k& < n.

e Suppose that X is a random sample. Then the asymptotic distribu-
tion of (X, S?) can be obtained from the multivariate CLT and delta
method.

e (Example 2.9 in Section 2.2.1) Suppose that X is a random sample
from a distribution with Lebesgue p.d.f. f. Then the joint distribution
of (Xay,..., X)) hasap.d.f. f, with respect to the Lebesgue measure
on (R",B"), where

[ nlf ) fen) < <
fn<x1’ cee 73:”) - { 0 otherwise.



2.2.2 Suffciency and minimal suffciency

e Suppose that X is a sample and Px is in a family P. Suppose that
T = T(X) is a statistic. For every P € P, let Pxjr—,p denote the
conditional distribution of X given T" = ¢t when Py = P. Then T is
sufficient for P € P means that Py r—,p does not depend on P.

— Suppose that P = {F : § € ©}. Then T is sufficient for § € ©
if and only if the conditional distribution of X given T =t when
Px = P, does not depend on 6.

e The factorization theorem (Theorem 2.2). Suppose that X is a sample
and Px is in a family P = {F, : § € ©} with a o-finite dominating
measure v. Suppose that 7" is a statistic. Then 7' = T'(X) is sufficient
for # if and only if there exist nonnegative measurable functions gy and

h such that P
—(z) = go(T(x))h(x). (3)

e The proof of the factorization theorem uses the following fact (Lemma
2.1).

Fact 1. Suppose that P is a family with a o-finite dominating measure
v. Then there exists nonnegative constants ¢;’s and measures F;’s in P
such that Zfol ¢; = 1 and P is dominated by the probability measure

Q= ZZ 1Cz i

Proof of Fact 1. Suppose that v is a finite measure. Let
Po = {ZCiPZ' . for each 7, ¢; > 0 and P, € P, and Zci = 1.}
= i=1

and

C—{C’ leP>0yae oanorsomePEPoandV(C)>0}.
v

Let {C)} be a sequence in C such that v(Cy) — supgee v(C) as k — .
Let Py be an element in Py such that dPy/dv > 0 v-a.e. on Cy. Let
{ax} be a sequence of positive numbers such that >, ax = 1 and let
Q = > apPy. Then Q) € Py and the following claims are true.
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Claim 1. C is closed under the finite union operation.

Claim 2. @ is a dominating measure for P.

Proof of Claim 2. Suppose that Q(A) = 0. For P € P, let D =
{dP/dv > 0} N A. Then we have the following.

(i) For every k, P.(A) =0= P.(CyND)=0=v(C,ND)=0.

(ii) Suppose that v(D) > 0. Then D € C and for every k, C,UD € C.
From (i), »(Cy U D) = v(Cy) + v(D). Let k — oo, then we have
limy,_0o ¥(Cy, U D) = supgee v(C) 4+ v(D). Since limy_,o v(Cy U
D) < supgeev(C), we have v(D) = 0, which contradicts the
assumption that v(D) > 0.

From (ii), we can conclude that (D) = 0, which implies that P(A) = 0.
Thus Claim 2 holds true.

In the above proof, it is assumed that v is a finite measure. If v is
o-finite but not finite, some modification is needed by considering A;’s
such that Q = U2, A; and v(A4;) < oo for each 7.

The proof of factorization theorem. Let () be the Y~ ¢; Py, guaranteed

by Fact 1. Let X, be a random vector such that Px, = ) and let

Ty = T(Xp). Then the joint p.d.f. of (X,T") with respect to Px, 1, is
APy, _dPs
Q" dQ

To prove the “if” direction, suppose that (3) holds. Apply the chain
rule, and we have

(z) (@) Lir@n(t)  Pxom-ace..

dPy

APy ay " w(T)
—(x) = = -a.e.,
QW T QT SE e (1) ¢
dv (z)
so the p.d.f. of (X, T) with respect to Px, 1, is
T
W) wl)

> cige,(T(x) Y2 ciga,(t)

and the conditional p.d.f. of X given T' =t with respect to Px,z,— is
1. Therefore, T is sufficient for 6.
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To prove the “only if” direction, suppose that 7 is sufficient for . Then,
there exists y; such that p, does not depend on 6 and iy = Pxp—. It
can be shown that

[ 1A (AP () = Pror (4 x B), (4)
so py = Px, = and the conditional p.d.f. of X given T" = ¢ with
dPg o T_l

respect to Px,m= is 1. Let fxp(x,t) = (), then when

Px = Py, it can be shown that

dQ oT-1

B fxyT(I, t)dPXO,TO (ZE, t) = Px(A N T_l(B))

and fxr is the p.d.f. for (X,T) wrt. Px,z,. The p.d.f of X with
respect to () is then

/fX,T(x7t)dPTD|X0=I(t) = W(t)dPTolxom(t) = onT_l(T(x))

and the p.d.f. of X with respect to v is

Py, . dQ . dPyoT dQ
o) x G2 ) = S T (1) ).
dFPy o T

Thus (3) holds with go(7(x)) (T'(z)) and h = dQ/dv.

T dQoT !
It remains to prove (4). Since P, = Qo T ' =3, ¢;Pp, o T, we have

[ A Is(0)aP (1) = [ m(A)I5(1)dQ o T (1)
= Y« / 1e(A)I(1)dPy, 0 T-Y(t)

= 2 aPy(ANTY(B)) = Px,n,(A x B)

and (4) holds.

Minimum sufficiency. Suppose that X is a sample measurable from
(2, F) to (X, By) and Py is in a family P. Suppose that T is a sufficient
statistic for P € P. If for every S that is a sufficient statistic for P € P,
there exist a function ¢ and and a set A € By such that T'(x) = ¥(S(x))
for x € A and P(A) =1 for every P € P. Then T is called a minimum
sufficient statistic for P € P.



e Finding minimum sufficient statistics. Theorem 2.3

— Theorem 2.3 (iv). Suppose that P has a o-finite dominating mea-
sure v and let fp = dP/dv for P € P. Suppose that Py is a
countable sub-collection of P such that Py-a.s. implies that P-
a.s. and A is a Borel set such that P(A) = 1 for every P € Py.
For x € A, let D(x) be the collection of points y € A such that
there exists some measurable function ¢ such that

fr(z) = fp(y)o(x,y) for every P € Py.

Suppose that there exists a statistic 7' = T'(X) that is sufficient
for P such that for z, y € A,

y € D(x) = T(x) =T(y),

then T is minimal sufficient for P.

— Proof of Theorem 2.3 (iv). Suppose that 7" is measurable from
(X, Bx) to (Ar,Gr), where Gr contains all singletons in Az. Sup-
pose that S is a sufficient statistic for Py. Then by the factor-
ization theorem, there exist measurable functions gp and h such
that

fp(z) = gp(S(z))h(z) v-a.e. for every P € P,.

Let
Ay ={x € A:h(zx) >0 and fp(z) = gp(S(x))h(z) for every P € Py }.

Then P(A§) = 0 for every P € Py. For z, y € Ay, S(z) = S(y)
implies that fp(z) = fp(y)h(z)/h(y) and y € D(x), so T'(z) =
T(y). Therefore, T'(x) = ¢(S(x)) for x € A, for some function
¢ and T is minimal sufficient for Py. By Theorem 2.3 (i), 7" is
minimal sufficient for P.

e Example 4. Suppose that X = (X7, Xy) and X; and X, are indepen-
dent normal random variables with E(X;) = p; and Var(X;) = 1 for
i = 1, 2. Suppose that the range for (g, ps) is R%. Then (X1, X3) is
minimum sufficient for (py, us).



2.2.3 Complete statistics

Ancillary statistic: a statistic S is ancillary if the distribution of S does
not depend on P (or 6).

Suppose that T'= (U, V) is a sufficient statistic and V is ancillary. It
is not necessary that U is sufficient.

— Example. Consider a random sample from U(6,6 + 1) (Example
2.13)

Completeness.

— A statistic T is complete if E(g(7)) = 0 for all P implies that
g(T) =0 P-a.e..

— A statistic T is boundedly complete if for every bounded function
g, E(g(T)) = 0 for all P implies that ¢(7") = 0 P-a.e..

Suppose that T is complete, then g(T') cannot be an ancillary statistic
unless ¢g(7') is constant.

Suppose that T' is sufficient and boundedly complete, and takes values
in R*. Then T is minimum sufficient.

— Proof. Suppose that "= (T3,...,T) and let T* = (T}, ...,Ty),
where T7 = €%i /(1 + €”7) for 1 < j < k. Then T* is a one-to-one
function of T" and T* is measurable. For a sufficient statistic S
and 1 < j < k, consider

hy(T) = E(E(T|9)[T) = 17,

then h;(T) is a bounded function of 7" and Eh;(T) = 0, which
implies that h;(7") = 0 P-a.e. since T is boundedly complete.
Note that T = E(E(T}|S)|T) P-a.e. implies that T} = E(T7|S)
P-a.e., so T* = (E(T}|S),...,E(T}]|S)) P-a.e. and T = (95)
P-a.e. for some measurable function ¥(S). Let A = {z: T(z) =
¥(S(z))}, then T'(x) = ¢(S(z)) for x € A and P(A) = 1 for every
P € P, so T is minimal sufficient for P.

— Example (Proposition 2.1). Consider a random sample from an
exponential family.



— Example (Example 2.16). Consider a random sample from U (0, 6).

e A minimum sufficient statistic is not necessarily complete (Example:

U0,0+1)).

e Basu’s Theorem (Theorem 2.4). Suppose that 7" is a complete and
sufficient statistic and V' is ancillary. Then 7" and V' are independent.

— Proof. Consider g(7') = E(I4(V)|T)—E(La(V)). Then E(¢9(T)) =
0 for all P € P and ¢g(7') = 0, which implies the independence of
T and V.

— Example (Example 2.18). Consider a random sample from N (1, o).
Then X and S? are independent.

2.3 Statisitical decision theory
2.3.1 Decision rules, loss functions, and risks

e A decision problem is characterized by an action space {25, a family P
for the distribution of the sample, and a loss function L from P x {2y
to [0, c0).

e A decision rule is a function from the range of the sample to the action
space.

e Suppose that o is a decision rule and L is the loss function. Then
E(L(P,§(X))) is called the risk function of § under loss L. E(L(P,0(X)))
is often denoted by Rs(P) (or Rs(0)).

e Example 5.  Consider the problem of estimating # based on X: a
random sample from N(#,1). The action space is R. Consider the
loss function L(P,a) = (a — 6)?. Then for a decision rule 4, its risk is

E(5(X) — 0)2.

e A randomized decision rule is characterized by a random probability
measure §(X), where §(z) repesents the conditional distribution of a
random action Y given X = x.

e For a randomized decision rule §(X) that represents a random ac-
tion YV (Pyjx=, = d(x)), its risk function Rs(P) is E(L(P,Y)) =
E(E(L(P,Y)|X)) = [ J L(P,a)dd(x)(a)dPx(z).
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e Example 6. Consider the problem of testing Hy : 8 < 0 versus
Hy : 6 > 0 based on X: a random sample from N(6,1). The action
space is {0, 1}, where 1 respents the action of rejecting Hy. Consider
the loss function

L(P,a) = 0 ifa=1andfd>0o0ra=0andf<O0;
@)= 1 ifa=0and >0ora=1and 8 <0.

Consider the randomized rule that rejects Hy with probability 0.9 when
X > 1 and rejects Hy with probability 0.5 when X < 1. Then the rule
is characterized by §(X), which is defined by

0.9d13(A) + 0.1dgoy (A) if X > 1;
O(X)(4) = { 0.5d 0y (A) + 0.5d{1}(A) if X <1,

where dy,y is the probability measure that puts all its mess on the point
a. Note that §(x) = Py|x—s, where Py|x—, is Ber(0.9) if z > 1 and
Py|x— is Ber(0.5) if z < 1.

The risk of ¢ is E(L(P,Y)) = [ [ L(P,a)dj(z)(a)dPx(x), where

[ et - - SHEN 0D

Therefore,

E(L(PY)) = E(E(L(P,Y)|X))
= FE(0.9L(P,1) + 0.1L(P,0))I(1,00)(X))
+E((0.5L(P,0) + 0.5L(P, 1)) (—0011(X))

B E(OQIlOO( )+05](001](X)) if 0 <0;
- E(O 1[(100 (X)+05]( oo,l](X)) if 6 >0,

)
)

{ 0.9 —0.4®(y/n(1 —0)) if 6 <0;

0.1 +0.4®(y/n(1 —0)) ifd >0,

where @ is the cdf for N(0,1).

2.3.2 Admissibility and optimality

e We say a decision rule d; is as good as a decision rule 69 if Ry, (P) <

Rs,(P) for all P € P.
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Suppose that a decision rule §; is as good as a decision rule d, and
Rs,(P) < Rs,(P) for some P € P, then we say that 0, is better than
a.

A decision rule ¢ is admissible if no decision rule is better than 4.

A decision rule is optimal if it is as good as any other decision rule.
However, sometimes it is impossible to find an optimal rule.

Example 7.  Consider the problem of estimating # based on X: a
random sample from N(f,1) under the square error loss L(P,a) =
(a — 0)%. There is no optimal decision rule.

To obtain optimal rules, there are two types of approaches:
(i) Changing the criteria. Examples: minimizing Bayes risk [ Rs(P)dm(P)
or the max risk supp Rs(P).

(ii) Considering a sub-collection of decision rules. Examples: unbiased
estimators or invariant decision rules.

Suppose that 7 is a collection of some decision rules. A decision rule
0 in 7T is T-admissible if no decision rule in 7 is better than J. A
decision rule ¢ in 7 is T-optimal if § is as good as any other decision
rule in 7.

Invariance. Suppose that X is a sample and Py € P.

— Group of transformations. Let G be a collection of transformations
of X. G is called a group if it is closed under composition and for
each transformation ¢ in G, ¢! is also in G.

Example 8. Let g.(z) =z + ¢l for ¢ € R and z € R", where 1
is the vector of 1’s in R". Then G = {g. : ¢ € R} is a group of
transformations.

Supppose that G is a group of transformations.

— The family P is invariant under G means that for every g € G and
PeP,PoglteP.
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— A loss function is invariant under G means that for every g € G,
P € P and a € Qy (action space), there exists an action h(a, g)
such that L(P,a) = L(Pog™' h(a,g)).

— A decision problem is invariant under a group of transformations G
means that the family P is invariant under G and the loss function
is invariant under G.

— For a decision problem that is invariant under G, a decision rule
0(X) is invariant under G means that 6(g(X)) = h(5(X), g), where
h satisfies L(P,a) = L(Po g, h(a,g)).

Example 9. Suppose that X is a random sample from N(6,1). Con-
sider the problem of estimating 6 under square error loss. Then X
is an invariant decision rule under the location transformation group,
and an invariant decision rule for this decision problem is of the form
X+ Dy(X, — X,,..., X1 — X,,) for some function Dy. In addition,
the optimal invariant decision rule for this decision problem is X.

Two decision rules d; and d9 are equivalent if they have the same risk
function.

Proposition 2.2. Suppose that the action space is a subset of R¥, § is
a decision rule with finite risk, and 7" = T'(X) is a sufficient statistic.
Then there exists a randomized decision rule §; that is based on T' such
that ¢; is equivalent to 4.

Proof. Suppose that Y is a random action such that Py|x—, = 0(x).
Define
01 (X)(A) = E[6(X)(A|T] = E(E[L4(Y)|X]|T) = E[L4(Y)|T]

for every A. Suppose that Y* is a random action such that Py« x—, =
6*(z). Then Py« x—p = Pyjr=r(@), so E[L(P,Y)|T] = E[L(P,Y*)|X]
and Rs(P) = FL(P,Y) = EL(P,Y*) = Rs(P).

Theorem 2.5. Suppose that the action space )5 is a convex subset in
R* and the loss function L(P,a) is convex in a when P is fixed. Then
(i) and (ii) hold.
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(i) Suppose that ¢ is a randomized rule and [, ||al|dd(z)(a) < oo
for each = in the range of X. Let Ti(z) = [add(z)(a). Then
L(P,Ti(x)) < Jo, L(P,a)dé(z)(a).

(ii) Rao-Blackwell Theorem. Suppose that Tj is a non-randomized
rule such that E(||7o|]) < oco. Let Ty = E(T,|T), then T is as
good as Tj.

e Jensen’s inequality. Suppose that X is a convex subset of R*, X is a

random vector that takes values in X', and g is a convex function defined
on X. If F(X) is finite, then E(X) € X and g(E(X)) < E(g(X)). The
equality holds only if g(X) = a+ bT X a.e. for some constants a and b.
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