Limit, continuity and differentiation of real-valued functions of
several variables.

e Notation. For = (x1,...,24) and a = (a1, ..., aq), define

|z —all = V(&1 — a1)? + - + (za — ag)?.

— d=2case. [|(z,y) — (z0,%0)ll = V/(z — 20)* + (y — 30)*.

e Limit of a real-valued function of d variables. Suppose that a € R.

lim g(z) =L

T—ra
means that for every € > 0, there exists ¢ > 0 such that
O0<|lz—all<d=|g(z)-L|<e.

— d = 2 case. lim, y)—(z9,y0) 9(,¥) = L means that for every e > 0,
there exists 6 > 0 such that

0 <[l(z,y) = (o, 90)[ <0 = lg(w,y) = L| < ¢

e Example 1. Show that lim, y)—(z9,40) © = Zo for (zo,y0) € R2.

Sol. Suppose that (xg,y0) € R%. For € > 0, take § = ¢, then

(@, y) = (zo,y0)l| <o
= |z — 20| < [[(z,y) — (0, 90)[| <6
= ‘I — l‘0| <e

$0 1im (4 ) s (20,0) = Zo for (xo,y0) € R*.

e It can be shown that lim(, y)—(z0,y0) ¥ = Yo for (2o,%0) € R2. The proof
is left as an exercise.

e Suppose that L is a real number. Then

lim g(z) = L < lim(g(z) — L) =0 < lim |g(x) — L| = 0.

r—a r—a T—ra

e The sum/difference/product/quotient /squeeze rules remain valid.

e Example 2. Find lim, ) (s0.40) (@ + ) for (zo,40) € R*.
Sol. For a point (xg,%o) € R?,

lim r+y)= lim T+ lim =z + Yo.
(w,yw(xo,yo)( 2 (@) S(rowo) | @y (mown) T 0

Here we have used the fact that lim, y)—(z0,y0) ¥ = Yo for (zo,%0) € RZ,
which is left as an exercise.



Example 3. Find lim(, ) (1,0 (22 + 2y + 9% + 22+ 1).
Sol. (1241-04+02+2-1+1)=4.

Continuity.
— g is continuous at a means lim g(x) = g(a).
r—a

— g is continuous on R? means that for every (x¢,vo) € R?, g is con-
tinuous at (z, yo).

Example 4. Let f(x,y) = « for (z,y) € R%. Then f is continuous on R2.

Note that from Example 1, im ;) (a0,y0) f (2, 4) = f(x0, yo) for (zo,y0) €
R?, so f is continuous at every point in R2. That is, f is continuous on
R2.

Polynomials of 2 and y are continuous functions of (x,y) on R2.

Suppose that g is continuous at a and f is continuous at g(a), then fog
is continuous at a.

— Suppose that g : R? — (—o0,00) is continuous on R? and f is con-
tinuous on (—o0o,00), then f o g is continuous on R2.

Example 5. Let f(z,y) = |z| for (z,y) € R?, then f = g o h, where
h(z,y) = for (x,y) € R? and g(x) = |z| for x € (—00,0). f is continu-
ous on R? because h is continuous on R? and g is continuous on (—00, ).

Example 6. Let g(z,y) = sin(z + y) for (z,y) € R?, then g = sinof,

where f(z,y) = x +y. g is continuous on R? since f is continuous on R?
and sin(-) is continuous on (—oo, 00).

Example 7. Let f(z,y) = 2%y/(2? + y?) for (z,y) # (0,0). Show that
lim ) (0,0) f(@,y) = 0 using the inequality |zy|/(z* + y?) < 1/2 for
(z,y) # (0,0).
Sol. Since |zy|/(z? + y?) < 1/2 for (z,y) # (0,0),

]

for (z,y) # (0,0). From Example 5, lim ,_,0)lz] = [0] = 0, so
lim, ) 0,0) [2]/2 = 0 = lim(4 )£ (0,0 0. By squeeze rule,

lim z,y)| =0,
o |f(z,y)

so lim(g, )~ (0,0) f(7,y) = 0. Here we have used the fact that

lim z,y) =0«  lim z,y)| =0,
(m,y)_)(qo) f( y) (x7y)_)(010) ‘f( y)'

which follows from the definition for a limit.



e Composition limit rule. Suppose that f is continuous at a = (aq,...,aq),
g1, - -+, ga are d functions such that lims_¢, g;(t) = a; for i = 1, ..., d.
Then

i F(01(0)sevova0) = (i 10t 0a(8) = S0

t—to t—to

e Example 8.  Suppose that f(z,y) = for (z,y) # (0,0). Show

Ty
332 + y2
that f is not continuous at (0,0).

Sol. Suppose that f is continuous at (0,0). Then by the composition limit
rule, for a constant k,

lim f(t, kt) = f (g%t, lim kt) = £(0,0). (1)

t—0

However, from the definition of f,

lim f(t, kt) = i —__ _ _F @)
tg%f ’ _tgrtl)t?—i—th?_1—&-/€27

so (2) implies that lim,_,o f(¢, kt) depends on k, which contradicts with
(1). Therefore, f cannot be continuous at (0,0).

e Differentiation. Suppose that f is defined at (zg,y) and there exists
constants ¢, d and e such that

f(z,y) =c+d(x —z0) + ey —vo) +e(z,y)l(z,y) — (zo,%0)ll,  (3)

where lim; ) (20,50) €(Z,¥) = 0 = €(20,%0). Then we say that f is
differentiable at (zo, yo).

e When f is differentiable at (zg,yo), the constants ¢, d and e in (3) can be
found as follows.

— In (3), plug in (z,y) = (x0,y0) and we have ¢ = f(zo, yo)-
— In (3), plug in y = yo, then

lim f(z,y0) — f(wo,y0) — lim d(x — x0) + ez, yo) |z — 0| _

T—To T — X T—To Tr — X

d.

— In (3), plug in & = x¢, then

lim J(xo,y) — f(xo,y0) ~ lim e(y —yo) + (o0, ¥) |y — Yol _
Y—rYo Y —Yo Y—Yo Y — Yo

e If f is differentiable at a, then f is continuous at a.

e Partial derivatives (two variable case).



— The partial derivative (% % ) of f(z,y) with respect to = at (z9,0)

° F(&.90) — F(zo. )

lim ,
T—To Tr — X
9 9
which is denoted by f. (o, %0), w ; 6—f(rc7y) ,
T l@y)=(zo.mo) 9% (z.9)=(0,y0)
or g
9T (4 4

— The partial derivative of f(x,y) with respect to y at (zo,yo) is
f(o,y) — f(zo,40)

lim ,
Yy=Yo Y—1Y
0 0
which is denoted by f, (0, yo), w ; gf(x, Y)
Y l@y=(zoy) %Y (z.9)=(z0.y0)
or %
ATE

Example 9. f(z,y) = zy +y*. Find f,(1,2) and f,(1,2).

Sol 1.
. f@2) - f(1,2)  d ,
1 p— =~ 7 el = . . _
fo(1,2) = iy == Z@ )| =2,
and
fy(1,2) = lim y—2 iy y+y)y:2 +2yly—0 =5
Sol 2.
fo(To,90) = lim (@, y0) = f(@o, o)
T—xT0 T — To
d 2
N %(xy(H'Z/O)IZI0
= yo‘z:zo = Yo,
S0 f:v(]-,2) = 2.

d
Jy(@0,90) = @(x()y + y2)

= (w0 + 2y)|,—,, = o + 20,
Y=Yo

0 fy(1,2) =14+2-2=05.

Note that in Example 9, f.(zo,¥0) and fy,(xo, yo) exist for every (xo, yo) €
R? so f, and f, can be considered as functions defined on R?.



e Notation. agf(:z:,y) means f(x,y) and gf(:r,y) means fy(x,y).
€T Y

0 0
Example 10. Find %(:cy +y*) and @(xy + 7).

Sol.

0
——(xy+y?) = y(treating y as a constant, take derivative with respect to x)

ox

and

0
— (zy+y?*) = z+2y(treating z as a constant, take derivative with respect to y).

dy

e Notation. B((xo,¥0),7) = {(2,9) : [I(z,y) — (0, y0)[| <7}

e Fact 1 If f is defined on B((xo,y0),r) for some r > 0 and both f, and
fy are continuous on B((xo,yo),r), then f is differentiable at (xo,yo). In
particular, if f, and f, are continuous on R?, then f is differentiable on
R2.

e Suppose that f is differentiable at (xg,yo). Then the equation of tangent
plane to the surface z = f(x,y) at (zo, yo, f(z0,y0)) is

z = f(x0,y0) + f=(®0,y0)(® — 20) + f (20, %0) (¥ — vo)-

e Example 11. Suppose that f(z,y) = 22 + 2y + = + 3y. Show that f is
differentiable on R?. Find the equation of the tangent plane to the surface
z = f(z,y) at the point (0,1, f(0,1)).
Sol. 5
folwy) = 5= (@ +ay+a+3y) =20 +y+1

and 9
fy(z,y) = @(x2+xy+x+3y) =z+3

Since both f, and f, are polynomials of x and y, we have lim ;) (z0,yo) f2 (%, ) =
Jz(20,0) and Bim g ) (20,40) Sy (2, Y) = fy(w0, yo) for (zo,y0) € R?, which

means that f, and f, are continuous on R?. By Fact 1, f is differentiable

on R?. The equation of the tangent plane to the surface z = f(x,y) at the

point (0,1, f(0,1)) is z = f(0,1) + f2(0,1)(x — 0) + f,(0,1)(y — 1). Direct
calculation gives f(0,1) = 3, f2(0,1) = 2 and f,(0,1) = 3, so the equation

of the tangent plane to the surface z = f(x,y) at the point (0,1, £(0,1))
isz=3+2zx+3(y—1).



e Example 12.  Find the equation of tangent plane to the surface z =
2?2 + 2z + sin(zy) + 3y? + 2 at (—1,0,1).
Sol. Since
9 5 . 2
5, (@7 + 2z +sin(zy) + 3y* +2) iy (22 + 2+ co8(xY)Y) | () =(—1.0) = 0
4)=(-1,

and

0
8—(91:2 + 22 + sin(xy) + 3y + 2) = (cos(zy)z + 6Y)|(; y)=(-1,0) = — 1,
Y (z,9)=(-1,0)

the equation of tangent plane to the surface z = 22 + 2x + sin(2y) + 3y>
at (—1,0,1)is 2=140-(x — (-1))+ (-1)(y — 0), whichis z =1 —y.

e The existence of partial derivatives does not imply differentiability.

Example 13. Suppose that f(z,y) = 1 for z > 0 and y > 0 and
f(z,y) = 0 otherwise. Then f,(0,0) = 0 = f,(0,0). However, f is not
differentiable at (0,0).

e Partial derivatives (three variable case).

— The partial derivative of f(x,y, z) with respect to x at (zo, yo, 20) is

lim f(xay()a Zo) - f(l’myo, Zo)

T—x0 Tr — X

)

which is denoted by f.(xo, Yo, 20) or

0
%f(x,%z) or ——

(2,y,2)=(20,Y0,20) (z0,Y0,20)

— The partial derivative of f(x,y, z) with respect to y at (zo, yo, 20) is

lim f(x()a Y, ZO) 7 f(‘TanO7 ZO)
Y=Yo Y—1Y0

)

which is denoted by f, (0,0, 20) or

0
%f($>yaz) or —

(z,y,2)=(%0,Y0,20) (0,Y0,20)

— The partial derivative of f(xz,y, z) with respect to z at (x,yo, 20) is

lim f(ll'o,y072) B f(IO;y07ZO)

zZ—20 zZ— 20

3

which is denoted by f.(zo, yo, 20) or

0
5.7 @ y:2) or =~

(z,y,2)=(%0,Y0,20) (0,Y0,20)



e General version of Fact 1. Suppose that all the (first order) partial deriva-
tive functions of f exist on B(a,d) for some ¢ > 0 and are continuous at
a, where B(a,d) = {z : ||z — a|]| < 0}. Then f is differentiable at a.

e Higher order partial derivatives. For a function f(z,y), f, and f, are
called the first order partial derivatives of f. The four partial derivatives
of f and f, are called the second order partial derivatives of f. Below
are their definitions and various expressions:

0 0?

fx:c(x7y) = %fx(mzy) = @f(xvy)a
0 0?
2

fyz(2,y) = aif (z,y) = 929y ——f(x,y),

and 5 o2

The third order partial derivatives of f are the eight partial derivatives of
the second order partial derivatives. Higher order partial derivatives can
be defined accordingly. For example,

0
fxwy(xvy) = aiyfm(zv ) 72 f( )

Bya

and
0 K 3 o*

e For a function f(x,y,z), the higher order partial derivatives can be also
defined in a similar way. For instance,
2 83

0 0
fzwy(x7y7z> - a*yfzm(l%y,Z) - mfz(xayvz) - ayaxazf(xayaz)

Example 14. f(x,y) = x2y+y2. Find f3, fya Sz f:cya fy:m fyyv and
fmyy'

Answers. fo(z,y) = 22y, fy(z,y) = 2% + 2y, feu(z,y) = 2y, foy(z,y) =
2x—fya:(xa ) (x y):2and fa:yy(xay):()'

Example 15.  Suppose that f(z,y,z) = x + yz + sin(2?z). Find f, and
fwzy-

Answers: f,(z,y,2) = 14 22z cos(222). fray(z,y,2) = 0.



Chain rule - one parameter version. Suppose that g(t) = f(z1(¢),...,zaq(t)),
where 21 (t), ..., x4(t) are differentiable function of ¢t and f is differentiable
on the range of (x1(t),...,zq(t)), then

d
of
gt = Z%(xl(t),...,xd(t))ac;(t). (4)
g=1""
(4) is sometimes expressed as
dg _ Of dy  , OF dva
dt — Omy di Oxq dt

— When d = 2 and g(t) = f(x(¢),y(¢t)), where x and y are differentiable
at t and f is differnetiable at (z(¢),y(t)), (4) becomes
)

g'(t) = fa((®),y(0)2' (1) + £, (x(t), y()y' (D). (5)
— Proof of (5). Recall that f is differentiable at (xg,yo) means that

f(z,y) = f(w0,9%0) + fu(®0,90)(x — o) + fy(T0,%0) (¥ — Yo)
+e(z, )l (x — 2o,y — yo)l, (6)

where lim ;. ) (2¢,40) €(%, ¥) = 0 = €(x0, o). Apply (6) with (z,y) =
(z(t +h),y(t + h)) and (zo,y0) = (x(t),y(t)) to find ¢'(t).

Example 16. Suppose that f is a function on R? such that f,.(z,y) =
2z +y and f,(z,y) = 2y +x. Let h(t) = f(t,t?) for t € R. Find I/ (t).

Sol.

W) = fo(t, )

d
Tt oG 8) 2t = 2 £ 2027+ £) = 47 + 3% + 2t

dt
Chain rule - two parameter version.

— Suppose that z(u,v) = f(x,y), where x = z(u,v) and y = y(u, v).
Suppose that x,, z,,y, and y, exist and f is differentiable. Then

ﬁziafazz: ﬁfﬁyandaziﬁf&r afﬁy
ou OxOu Oy du dv Oz Jv By v’

— Suppose that v = f(z,y, z), where z = z(s,t),y = y(s,t) and z =
z(s,t). Suppose that the partial derivatives of z,y and z with respect
to s and t exist and f is diffferentiable. Then

Ju 8f8x+8f0y+%%
ds Oz s Jy 0s 0z Os

and

8u78f3x+3f8y+ﬁ%
ot Odx 0t Jydt 0z 0t



