Limit of a sequence, BMCT and Series

e lim, ., a, can be viewed as lim,; , f(x), where the domain of f
is D = {n : nis an integer and a, is defined }, and f(x) = a, for
x € D. We say a sequence {ay} is convergent if lim,,_,~ a, exists.

e Fact 1 Iflim, o f(x) = L, then lim, o f(n) = L.

1
Example 1. Find lim n(n)
n—oo n
| 1 1
Sol. Apply L’Hépital’s rule, lim n(@) = lim — =0,s0 lim n(n) =
T—00 T—00 I n—oo N

0.

e BMCT (bounded, monotonic, convergence theorem): a monotone (%
) sequence is convergent if and only if it is bounded (A 5F).

e Bounded sequences.

— A sequence {b,} is bounded above (& £J%) if there exists a real
number M such that b, < M for every n. In such case, M is
called an upper bound of {b,}.

— A sequence {b,} is bounded below (# T JF) if there exists a real
number m such that b,, > m for every n. In such case, m is called
a lower bound of {b,}.

— A sequence {b,} is bounded if it is bounded both above and below
(A B L BT R,

e Monotone (monotonic) sequences (£3H#5]). A monotone sequence
is either an increasing sequence (#£3§# 7)) or a decreasing sequence

(G mET)).
— A sequence {b,} is increasing (#&3%) if b, < b, 41 for every n. If
by < byi1 for every n, then {b,} is strictly increasing (& #&3%).

— A sequence {b,} is decreasing (&) if b, > b, for every n. If
by > bpy1 for every n, then {b,} is strictly decreasing (##& &
).

e The following fact is a modified version of BMCT, and BMCT follows
from this fact.



Fact 2 (Modified BMCT) Suppose that a sequence {by,} is increasing.
Then

(i) {bn} is convergent and converges to its least upper bound (&>
L) if it is bounded above, and

(ii) {bn} diverges to oo if it is not bounded above.

Example 2. Show that the sequence {(1 +n~1)"}22, is convergent.

Sol. Note that
(1+ (n+1)~hHntt (1_ 1 )n(H 1 )
(1+n-1)n N (n+1)2 n+1

(i) ()

3 2
_n +3n +3n+2>1
(n+1)3 -

and

A<y

Thus {(1 + n~1)"}2, is increasing, bounded above by 4. By the
modified BMCT (Fact 2), {(1 +n~1)"} is convergent.

Remark. In Example 2, we can also apply the BMCT to show that
{(1 + n=H"}22, is convergent since {(1 + n~1)"}%2, is increasing,
bounded above by 4 and bounded below by 2 (the first number in
sequence).

Example 3. Suppose that a; = /2 and Gnt1 = V2+a, forn > 1.
Show that the sequence {a,}>>, is convergent.

Suppose that {a;}72,, is a sequence of real numbers, where m is fixed.

Then - .
]; ar 2 tim kz ax.

=m
— If limy, 400 D p—y, @k = L exists, then we say the series > 72, ak
converges with sum L.

— If the limit of >7}_,, ar does not exist, then we say the series
Y ohe,, ai diverges.



— SR, a is called a partial sum ( (¥4 #2) of the series 372, ax.

e Examlpes of finding the sum of a series through direct caculation.
Example 4. Find Y232, 27

Sol. Recall that S°7_; ar® = ar(1 — r™)/(1 —r) if r # 1. Therefore,

> n 5(1—(0.5)™
S ok = fim Yok = g POEZ O
pet n—00 = n—00 1—0.5

— The geometric series 352, ark = ar™/(1 —r) if |r| < 1.
Example 5. Find Y222 4(2k + 1)/(k%(k + 1)2).
e Suppose that a > 0 for & > m. From the modified BMCT (Fact 2),

we have the following two results.

— If the partial sum sequence {} 7_,, ax} is bounded above, then
the series > 72, ai converges.

— If the partial sum sequence {3} ;_, ax} is not bounded above,
then the series Y 32, ar = oo diverges.

e Example 6. Show that the series > .72, 1/k! is convergent.

e Divergence test (Theorem 8.9). If limy_ o ar # 0, then Y 7o, aj di-
verges.

Example 7. Suppose that a # 0. Then the geometric series Y 7o, ar®

diverges if |r| > 1.



