Improper integrals (R4 %")

e Two basic types of improper integrals:

(i) integrals with unbounded integration ranges and

(ii) integrals with discontinuous unbounded integrands.
e Integrals with unbounded integration ranges.

— Suppose that f is continuous on [a, c0), then

/aoof(x x—hm/f (1)

— Suppose that f is continuous on (—oo, b}, then

[ s = [ fjar @)

e Example 1. Find / —dx
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e Integrals with unbounded integrands.

Sol.

— Suppose that f is continuous on (a,b] and f is unbounded on

[a,b]. Then .
/a J(@)de = t1—1>r;1+/ Us )

— Suppose that f is continuous on [a,b) and f is unbounded on
[a,b]. Then
b ¢
/ f(x)de = lim / f(x)de. (4)
a t—b— a

Example 2. Find f07r/2 tan(z)dz and f_OW/Z tan(z)dz.



Sol.

w/2 b
/ tan(z)dr = lim tan(z)dx
0 b=(m/2)= Jo
= lim -1 :
poim, n(cos(z))lg
= li -1 b
y i, In(cosy)
= lim —1 = 0.
Jm, n(y) = oo
0 0
tan(z)dr = lim  —In(cos(x
[, i =t neos(a))l
= lH(lfn;l/Q)+ In(cos(b))
= lim I = —00.
i, n(y) = —oo
Example 3. Find [ 2—/2dz.
Sol.
1 1
/x_1/2dx = lim V2 dx
0 b—0t Jp

1
= lim 222 = lim (2 2"?) =2,
b—0+ b b—0t

e Notation. Suppose that a < b and [ is an interval with endpoints a
and b. Then [; f(x)dr means fff(x)dac

e Suppose that an interval I can be divided into sub-intervals Iy, ...,
I, such that for k=1, ..., n, [; f(z)dz can be evaluated as a limit
using (1) — (4). Then

frea=3 | e

if 1, f(z)dz, ..., [} f(x)dz can be defined and the sum 35, [; f(z)dx
does not involving oo — co.

— If J;, f(x)dz cannot be defined for some k, then [; f(z)dz cannot
be defined.



— Limits involving oo are allowed, but co — oo cannot be defined.

— If [}, f(z)dx, ..., [; f(z)dz are finite, then the improper integral
is called convergent.

e Basic properties of Riemann integrals still hold for improper integrals.

b b b
— Linearity. (f(x)+g(z))de = | f(x)dx+ | g(x)dz and for
Foesc [ o
a constant k, / kf(x)dx = k‘/ f(z)dz.

b
— Dominance rule. Suppose that f > g on (a,b), then / f(x)dx >

b >
/a g(x)dx.
— Subdivision rule. /bf(x)dx = /C f(z)dx + /b f(z)dx.

e Example 4. Find

/2
(a) / tan(z)dx and
—7/2

/2
(b) / | tan(z)|dz.

—7/2

(a) From Example 2, we have

/2 0
/ tan(z)dx = oo and / tan(x)dxr = —oo,
0 —7/2

SO

/2 0 /2
/ tan(z)dr = / tan(x)dx + / tan(z)dr = —oo0 + 0o
—7/2 —7/2 0

cannot be defined.

(b)
/”/2 | tan(z)|dz = /0 (— tan(z))dx + /OW/Q tan(z)dz

—7/2 —7/2
0

= —/ tan(x)dz + oo
—7/2

= —(—00)+ 00 = 0.



Example 5. Let

f(@:{ ‘2:6'2 if |z] < 1;

if |z > 1.
Find / f(z)dx.
0
Sol. From Example 1, [°(1/z%)dz = 1, so
oo 1 oo 1 1
/ f(a:)d:v:/Qda:+/ —dr = 2r|j+1=2+1=3.
0 0 1z
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dx using the following results:

oo
Example 6. Find /
—00

. 1 1
(i) / o x2dw =tan " (z)+ C, and
(ii) limg oo tan~1(x) = 7/2.
Answer: .

Verification of lim, ,o tan~1(z) = 7/2. For € € (0,7/2), take M =
tan(m/2 — ¢), then

x> M= tan }(z) > 7/2 —e = |tan" ! (z) — /2| <e.
Thus limg o tan~!(z) = 7/2. Here we have used the fact that tan=!(z)

. : : . . . d 1
is a strictly increasing function of x on (—o0, o) since . tan™ " (z) =
x
1
1+ 22

> 0 for z € (—o0, 00).
Example 7. Find f__olo z~tdz. Answer: —oo.
Example 8. Find [° 2~ 'dz. Answer: oco.

Example 9. Let

)2 if |z] <1;
fla) = { 1/z  if |z| > 1.

Find [%_ f(z)dx.

Answer: [% f(z)dx cannot be defined.



