L’Hoépital’s rule

e Suppose that a is a real number and A can be a, a™, a™, oo or —o0.
Recall that

(a —D,a)U (a,a+ D) if A=a,D > 0;

(a — D,a) ifA=a",D>0;
N(A,D) =< (a,a+ D) if A=a*,D > 0;

(D, 00) if A = o0;

(—o00, D) if A = —o0.

e Suppose that a is a real number and A can be a, a™, a~, oo or —oo.
— We say that lim, A f(z)/g(z) is of the 0/0 type if
lim f(z) =0 = lim g(a).
— We say that lim,_,a f(z)/g(z) is of the co/oo type if
lim f(x) = oo and_lim g(x) = e, M)
or (1) holds with one (or two) of the oco(s) replaced by —oo(s).

e L’Hopital’s rule (# ruiZ % R1). Suppose that lim, ,a f(z)/g(z) is of
the 0/0 type or the co/oo type, and
f'(z)

z—A g/ (:L')

=1L, (2)
where L can be a real number, co or —oo. Then

lim M = lim f(z)
A g(x)  a—=A ¢ ()

By writing down (2), it is assumed that on some N(A, D), f and g
are differentiable and ¢’ # 0.

e L’Hopital’s rule for the 0/0 case with * — A with A = a, a* or a~
can be proved using a general version of MVT.

— Generalized MVT. Suppose that f and g are continuous on [a, b]
and differentiable on (a,b). Suppose that ¢'(x) # 0 for = € (a,b).
Then there exists ¢ € (a, b) such that

fb) = fa) _ f'(c)
g9(b) —gla)  g'(c)’




Example 1. Find lim,_,0(1 — cos(x))/x. (Answer: 0)
Example 2. Find lim,_,gsin(z)/z. (Answer: 1)
Example 3. Find lim,_,o(sin(z)/z — 1)/z. (Answer: 0)

Example 4. Find lim,_,o €”/x. (Answer: o)

Note: limy,_,o €* = oo since for every My > 0, x > In(My) = e > M;.
Example 5. Find lim, .o+ 2. (Answer: 1)
Example 6. Find lim; oo (1 + 1/2)". (Answer: e)

Example 7. Find lim, o (2 + sin(z))/(z + cos(x)). (Answer: 1)

e 1 o (=)
Proof of 'Hépital’s rule for the oo/oo case assuming L = xl;rri m is
a real number.
Note that
fl@)  fl@)—f®) _ —flx)gb) + f(b)g(x)
9(z)  g(x)—g(b) 9(@)(g(z) — g(b))
_ () (y(z) —g(b)) —g(0)(f(z) — (b))
9(@)(g9(x) — g(b))
0 g (@) - )
g9(z)  g(z)(9(x) — g(b))
Since lim (=) = L, for € > 0, there exists some D such that
z—A g,([E>

r € N(A,Dy) =

;Eg - L‘ < min (1, ;) .

For b € N(A, D), since lim,_,A f(x) = oo and lim, ,A g(x) = oo, we
have
g(b

o [T 9(0) _
A ‘g(w) " ’g(l‘) L+ 1)’ =0 ®)
so there exists D9 such that
x € N(A, Dy) = ‘5((2; + ‘;]((z))(L—I- 1)‘ < g




Choose D3 such that N(A,D3) € N(A,D;) N N(A,Dy), then for
S N(A,Dg),

f(z)

fl@) f@)  fl@)=fO)| |f B
o1 = e st e = 4
_ £ _g®)(f(z) =~ fO)) | o) —L‘
9(@)  g(x)(g(x) —g®)| 1g'(c)
HOIRKIQ €
< g + g =e.
Therefore, lim, A f(z)/g(x) = L

e Remarks on the proof of 'Hopital’s rule.

— For the 0/0 case with finite L, we can replace (3) by

f(b)

lim ()

b—A

+ g(b)(L+1)‘ 0.

9(x)
— For the case where L = oo, we can use

J5- 18- (=t0).

Since f(b)/f(x) and g(b)/g(x) can be made small, f(x)/g(z) can
be made large.

f(z)

— The case where L = —oo can be established by considering lim ———.
z—A g(l’)



