Limits involving infinity
e Definition 1. Suppose that L € R. lim,_,~ f(z) = L means that

for every € > 0, _there exists D
—_—
BwiRERa o THRBIEHSED

such that (for z in the domain of f)
o x>D ) = |f(z) —L| <e
GadEHE (D, co) BB £ f(0) — LT EH £ L
e Definition 2. Suppose that L € R. lim;_,_ f(z) = L means that
for every € > 0, _there exists D
—_—
TR B ER S HD
such that (for  in the domain of f)
x <D = |f(z)—L| <e.
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e Example 1. Show that 11_) —=0.

T—00 I

Sol. For € > 0, take D = 1/e, then

1
—
x

z>D = £.

‘_ 1 - 1
=—<5=
Therefore, lim — = 0.

T—00

e Example 2. Below is the proof for lim, ,a 2% = L. Determine what
A and L are.

For € > 0, take D = log, €, then
r<D=1[2"-0=2"<2P =¢.

Ans. A = —ocoand L = 0.



e Remark. Suppose that L € R and A can be a, a™, a~, oo or —oo.
lim,, A f(z) = L means that

for every € > 0, _there exists D,
TREN R S HD
such that (for z in the domain of f)
r € N(A, D)= |f(x) — L| <e,

where
(a—D,a+D)—{a} HfA=gq
(a—D,a) ifA=a";
N(A,D) =< (a,a+ D) if A=at; (1)
(D, 0) if A = oc;
(—o0, D) it A = —o0.

o lim, A f(z) = occ.

Definition 3. Suppose that A canbe a, at, a™, oo or —oo. lim, ,a f(z) =
oo means that

for every M , there exists D
—_———

&R PR M
such that (for z in the domain of f)

r e N(A, D)= flz) > M
N
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72 7%: Definition 3 P, THE M >¥,—EL 644,
o lim, A f(z) = —o0.

Definition 4. Suppose that A canbe a, at, a™, oo or —oo. lim, ,a f(z) =
—oo means that

for every M , there exists D
—_———

& PIERH M

such that (for z in the domain of f)
r € N(A,D) = flz) <M

—_————
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% Definition 4 ¥, THZ M <X —E& T4
1
Example 3. Show that lim —— =
z—1 ‘ﬂj — 1|

Sol. For M > 0, take 6 = 1/M, then

1
O<lr—1<d=—F> M.
|z — 1]

Therefore, lim L

el |z — 1] o

Example 4. Show that lim,_,. 22 = co.
Sol. For a real number M, take D = M /2, then

z>D=2x>M.
Therefore, lim,_ .., 22 = 0.

When lim, A f(z) = oo (or —o0), we say that lim, ,A f(x) diverges
to oo (or —oo) (MR Flco H—o0).

EE: BRI oo H—oo, AAEBRTHAGHR.AZR]lim, A f(z)5F,
% AR X BBl oo H—o0, LR EE lim, ,a f(z) = 00 (H —o0),
ARG RFERLG L. Pl “Find limg_,o0 227, 2 E%HEF
lim, oo 220 = 0.
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Example 5. Below is the proof for lirri — = L. Determine what A
AT

and L are.
For M > 0, take § = 1/M, then

1 1
O<z<d=>—>—-=DM.
x 0

Ans. A =07 and L = 0.

1
Example 6. Below is the proof for lirri — = L. Determine what A
T—>A X

and L are.
For M < 0, take 6 = —1/M, then

1 1 1 1 1
—0<r<0=20<—2<0=—>—-=>—=———<—-=M.
- J x —x 1)

Ans. A=0" and L = —o0.



e Limit of z rule and constant rule
— lim; ooz = 00 and lim,_, o x = —o0.
— lim, A C = C for any constant C.
o B¥too MR wWAELR. €&
+oo + B# = +o0;
+o0 - EF K = to0;
+o0 - A B # = Foo;
T
+oo

%0+ 00 = 00 = (~00) - (~00);

0;

00+ (—00) = —00,
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00 — 00, £00/00, 0 - o0 &k T &.
e Example 7. Find lim, oo (z — 1).
Sol. limg—seo(x — 1) = limy oo — limy_y00 1 = 00 — 1 = 00.

e Example 8. Find lim, o, 1/x.

Sol. lim 1 = L =0.

T——00 T —00
e Example 9. Find lim,_,_ 22

Sol. limg s oo 2% = (limgs oo ) - (limgys oo ) = 00 - 00 = 00.

e Example 10. Find lim T
r—oo 4+ 1
. . . 1 1
Sol. lim = lim 1 — lim =1—-—=1-0=1.

e Fact 1 Suppose that A can be a, a™, a~ , oo or —oco and L can be a
real number, oo, or —oo. Suppose that there exists D such that

f(x) = g(x) for every x in N(A, D),
where N (A, D) is defined in (1), and lim,_a g(x) = L. Then

li = 1Ii = L.
AT = e



Example 11.  Suppose that f(z) = x for z > 0 and f(x) = 0 for
x <0. Find lim,—,_ o f(x) and limg_ f(x).

Sol. limy oo f(x) =limy, oo 0 = 0 and lim,; o f(2) = limy_yoo ¢ =
0.

e Change of variable. Suppose that A can be a, a*, a™, 0o, or —oo and
L can be a real number, 0o, or —oco. Suppose that lim, ,A g(z) = L.

— Suppose that g(z) # L for € N(A, D) for some D, then

lim f(g(x)) = lim f(y)

z—A y—L

if limy,,7, f(y) is defined.

— Suppose that L € R and g(z) > L for z in N(A, D) for some D,
then

lim f(g(z)) = lim f(y)

x—A y—Lt+
if lim,_, 7+ f(y) is defined.

— Suppose that L € R and g(z) < L for x in N(A, D) for some D,
then

lim f(g(x)) = lim f(y)

z—A y—L—
if lim,_, - f(y) is defined.

e Example 12. Find lim, ,o- (1/x).

Sol. Let y = —z, then lim,_,p- y =0 and y > 0 for z € N(0~,D) =
(=D,0) for D > 0. Therefore, lim,_,,-(1/z) = lim,_,o+ 1/(~y) =

—0OQ.

e Example 13. Suppose that lim, ,~ f(—2z) = L. Find lim;—,_ f(z).

Sol. Let y = —z, then lim; .oy = —oo0 and y # —oo for =z €
N(o0, D) = (D, 00) for D. Therefore, lim,—_o f(x) = limy_o0 f(—y) =
L.

e Example 14. Suppose that lim,_,~ f(x) = —0co. Find lim,_,o+ f(1/x).

Sol. Let y = 1/, then lim,_,q+ y = oo and y # oo for z € N(0T, D) =
(0, D) for D > 0. Therefore, lim, o+ f(1/2) = limy o f(y) = —00.



e One-sided limit theorem: suppose that a is a real number and L can
be a real number, oo, or —oco. Then

lim f(z) =L & hm f(z) = lim f(z) =

T—a r—a™t T—a~

1 1
e Example 15. Find hm — using the fact that lim — = oco.

|.1‘| rz—0t T
Sol. Since
1 ) 1
lim — = lim — =
z—0t ’LL“ rz—0t T
and
1 1
lim — = lim —— = lim — = oo,
z—0~ |{L‘| z—0- T y—0t Yy

1
by one-sided limit theorem, hm ‘ | = 00.
x

1
e Example 16. Find lim —.

z—0 T

1
Sol. From one-sided limit theorem, lin% — cannot be a real number
x

1 1
since lim — = oo. Also, hm — cannot be oo since lim — = —oo.
z—0t T —0 =0~ T

1
The limit lim — does not exist and is not co or —oo.
x—0

e Squeeze rule (%&# T ). Suppose that A can be a, a*, a~, oo, or
—o00. Suppose that g(z) < f(z) < h(x) for every x € N(A, D) for
some D, then

MAID) = B S Jip J0) = Jig o) = Sy )
In addition, we have the following.

— Suppose that g(x) < f(x) for every x € N(A, D) for some D and
lim, A g(x) = 0o, then lim, ,A f(x) = oc.

— Suppose that f(z) < g(x) for every x € N(A, D) for some D and
lim, A g(x) = —o0, then lim,_, A f(z) = —c0

e Example 17. Find limg_ oo 22°.
Sol. Note that 225 > 22 for 2 € N(oo,1) = (1,00) and lim,_ e 2.

Therefore, limg o0 22° = 0.



e Suppose that {a,}72 is a sequence of real numbers. The definition of
lim,, o a, = L is the same as lim,_,, f(x) = L by replacing = by n
and f(z) by ay:

— Definition for lim,, yoca, = L, L € R.

for every € > 0, _there exists D,
—_——

~——
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such that
n>D=|a,—L| <e.

— Definition for lim,, . a, = 00.

for every M, there exists D

such that
n>D=a, >M.
— Definition for lim,,_yoo @, = —00.
for every M, there exists D
such that

n>D=a, <M.

e Suppose that lim, ,~ f(z) = L, then lim,_,~ f(n) = L.

Example 18. lim, o % =0.



