Functions and graphs

o KB TR, I A function (RE) f takes an input 2 and maps it to
a unique output, denoted by f(x). The set

{z: f(x) is defined }

is called the domain (%€ & 3&) of f. Theset {f(z) : « is in the domain of f }
is called the range (183 ) of f.

Example 1. B &4 &7, Input: H4EF; output: # F 4%

Example 2. # 2 X% Input: z; output: 1+ /. Domain: [0,00).
Range: [1,00).
e Intervals (B M)

— R: the set of all real numbers, which is often denoted by (—o0, ).

— [a,b]: the set {z : a < a < b}, which is also called the closed interval
P M) with endpoints (3% %) at a and b.

(
— (a,b): the set {x : a < x < b}. It is an open interval (FE ).
— (a,b]: the set {z :a < < b}

— [a,b): the set {x:a <z < b}

e In this course, we consider functions whose domains and ranges are subsets
of R.

o X948 % . Two functions f and ¢ are the same if and only if

(a) f and g have the same domain (denoted by D) and
(b) f(z) = g(x) for every z in D.

Example 3. Suppose that f and g are two functions defined by f(z) = /x
for z > 0 and g(z) = y/|z| for z € R. Then f and ¢ are not the same.

o HE YL M. The composition f o g takes an input = and returns the
output f(g(z)). That is, f o g(x) = f(g(z)). The domain of fog is

{z : x is in the domain of g and g(z) is in the domain of f }.

Example 4.  Suppose that f(z) = /z for x > 0 and g(z) = « — 1 for
x € R. Find the domain of f o g.

Ans. [1,00).

Example 5. Find two functions f and g such that f(g(z)) = (2% +2x+3)?
for z € R.



Example 6. Suppose that f and g are two functions, the domain of f
is {2,4,6}, and the domain of g is {1,2,3,4,5}. The function values of f
and g are given below:

f(z)
3
1
5
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What are the domains of go f and f o ¢g? What are the ranges of g o f
and fog?

Inverse function (& & ¥).

— For a function f, and y in the range of f, the inverse function of f
maps y to the unique z in the domain of f such that f(z) =y.

— The inverse of f is denoted by f~!.

— If for some y in the range of f, solving f(x) = y gives more than one
x values, then f~! does not exist (% f FE2—#—& A -1 R
).

Example 7. For each f given below, determine whether f~! exists. If
f~1 exists, find it.

(a) f(z)=2a".
(b) f(z) =sin(z).

Example 8. In Example 6, determine whether f~! exists. If f~! exists,
find it.

Common functions: trigonometric functions (= A &%), polynomials ( %
A X)), rational functions (2~ A% & &), exponential functions(35 & & K).
More functions can be obtained by taking composition, inverse, addition
and multiplication of known functions.

RE=A&# ZHZAJBERIEE! ‘E Uixi:%’i’l‘&%g 1] 4o %
& f(z) = sin(z) for x € [ n/2,7/2] B f B B[-n/2,7/2), BITT =
&L shEF f13eEsin T R A arcsin.

R= A& sin™?! cos™! tan~! cot™! sec™!
domain [-1,1]  [-1,1] (—o0,00) (—00,00) (—o00,—1]U][1,00)
we (23] bo (3D 60 ba-{)

csc !

(7007 71} U [L OO)

2ol -0
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e Angle of inclination (¥4, #A) and slope (#H%).

slope = tan( angle of inclination )

angle of inclination

o Intercepts (#Es): R E Y Ao AR b 89 B

Example 9.  f(z) = —(z — 1)(z — 2). z-intercepts: (1,0) and (2,0).
y-intercept: (0, —2).

e Even/odd functions (1% /4 & #).
— fis an even function if f(—x) = f(z) for all x € R (1% & B W #4%

Ay dh).
— fis an odd function if f(—z) = —f(z) for all x € R (7 H¥ B &
AHASIREBE).



